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Abstract: Theories with 3D N = 2 bulk supersymmetry may preserve a 2D N = (0, 2)
subalgebra when a boundary is introduced, possibly with localized degrees of freedom. We
propose generalized supercurrent multiplets with bulk and boundary parts adapted to such
setups. Using their structure, we comment on implications for the Q+-cohomology. As an
example, we apply the developed framework to Landau-Ginzburg models. In these models,
we study the role of boundary degrees of freedom and matrix factorizations. We verify our
results using quantization.
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1 Introduction
In this paper we study N = 2 supersymmetric theories in flat (2+1)-dimensional spacetime
with (spacelike) boundaries. The boundary necessarily breaks translational invariance and
hence can only preserve part of the bulk supersymmetry. Explicitly, the N = 2 algebra in
3 dimensions is
{Q±, Q±} = −4P±, {Q+, Q−} = 2P⊥, (1.1)
where spacetime has coordinates x± and x⊥, see appendix A for a summary of our con-
ventions. We want to consider the case with a boundary in x⊥-direction, breaking super-
symmetry to a subalgebra of (1.1) that does not contain P⊥, the generator of translations
in that direction. As has been analyzed before [1–3], in the case of N = 2 supersymmetry
in 3 dimensions, there are two types of supersymmetric boundary conditions, referred to
as A-type and B-type. Each of them is associated to a subalgebra of the initial bulk super-
symmetry algebra, containing two momentum operators and two supersymmetry charges.
A-type boundary conditions preserve (1, 1) supersymmetry, whereas B-type boundary con-
ditions preserve a chiral N = (0, 2) subalgebra, generated by Q+ and Q+. We will focus on
(0, 2) boundary conditions and analyze them from two points of view: On the one hand,
for theories defined by a Lagrangian, we employ a Noether procedure. On the other hand,
we discuss the structure of the supercurrent multiplets [4, 5] and formulate boundary mul-
tiplets. The two points of view are interrelated, as the (improved) Noether currents form
components of the current multiplets.
From a Lagrangian point of view, the supersymmetric bulk Lagrangian transforms un-
der SUSY-variations into a total derivative. In the presence of a boundary, this generically
yields a boundary term which must be canceled for the symmetry to be preserved. This
can be achieved by choosing boundary conditions on the fields, such that the boundary
variation vanishes. Alternatively, and this is the main focus of the present paper, one can
cancel the boundary variation by adding a suitable boundary part to the action, such that
the action is invariant under symmetry variations without reference to the boundary con-
ditions on the fields. This term can contain extra boundary degrees of freedom that are
not inherited from the bulk. The full invariant action thus contains a bulk and boundary
term.
S =
∫
M
LB +
∫
∂M
L∂ . (1.2)
Given an action which is invariant under a symmetry, Noether’s procedure yields a set
of conserved charges and currents. In the case of supersymmetry, this includes the (canon-
ical) energy momentum tensor and the supersymmetry currents. After imposing canonical
commutation relations between the fields, the Noether charges provide a representation of
the symmetry algebra in terms of the fields.
In the case of pure bulk theories, it is very useful to arrange the supercurrents together
with other conserved currents into multiplets. This can be done independently of a Lagran-
gian definition of a theory. The supercurrents form a representation of the supersymmetry
algebra, and their most general form has been discussed recently in [4, 5]. Supercurrent
multiplets are indecomposable SUSY multiplets that contain the stress energy tensor Tµν
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and the supercurrents Sαµ as part of their components. In addition, there are brane cur-
rents, whose integrals yield brane charges. The components of the supercurrent multiplets
appear in a local version of the supersymmetry algebra, which very schematically takes the
form
{Qα, Sβµ} = 2γναβTµν + . . . , (1.3)
{Qα, Sβµ} = . . . , (1.4)
where the dots indicate various currents that will be explained later in the text. As is well-
known, the stress tensor for a theory is not unique, but can be modified by improvement
transformations. Indeed, the same holds for the supercurrents, and the notion of improve-
ment transformations can be lifted to the full multiplet. In any three-dimensional N = 2
supersymmetric theory (and also in other dimensions with the same amount of supersym-
metry), there exists a so-called S-multiplet. Under special conditions, the S-multiplet
can be decomposable, such that there exist smaller multiplets. Of special interest in the
context of the current work is the R-multiplet, which exists in theories which exhibit an
R-symmetry.
The notion of supercurrent multiplets has been extended to theories with defects in [6],
where a new so-called defect multiplet was constructed. As a consequence of the violation of
translation symmetry perpendicular to the defect, the stress tensor is no longer conserved.
This violation is encoded in the displacement operator. The defect multiplet contains the
displacement operator as one of its components [6, 7].
In the current paper, we consider supermultiplets in situations with boundary, focusing
on the preserved symmetries. As mentioned above, to formulate boundary conditions
means to specify a subalgebra of the SUSY algebra such that the momentum operator in
the direction perpendicular to the boundary is not contained. The supercurrent multiplet
is in particular a representation of the larger (bulk) algebra and hence also of the smaller
algebra. In the case of the N = (0, 2) subalgebra, we show how the bulk supercurrent
multiplets decompose under the smaller algebra. Of course, due to the presence of the
boundary, the currents contained in the multiplet are no longer conserved by themselves.
To formulate a consistent multiplet for a theory with boundary, we discuss how to add
boundary parts to the (0, 2)-components of the initial bulk multiplet. Our ansatz for a full
R-multiplet is
Rfullµ = RBµ + P µˆµ δ(x⊥)R∂µˆ, (1.5)
where RBµ is the bulk part, R∂µˆ is the boundary part and P µˆµ denotes an embedding. Both
parts decompose into (0, 2)-components. The boundary part is added to the bulk multiplet
in such a way that the initial divergence-freeness of the bulk currents is completed to bulk-
boundary conservation laws. We do not discuss possible modifications of the bulk currents
corresponding to the broken symmetries.
One important feature of supercurrent multiplets is that they fall into short represen-
tations of the supersymmetry algebra. Therefore, they are protected under RG flow and
retain their form [5]. The supercurrents of the quantum theory can thus be used to con-
strain the IR behavior of a theory using the UV information. In the case of two-dimensional
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N = (0, 2) models, the supercurrent multiplet for theories with an R-symmetry was used
to study renormalization group invariants in [8]. In particular, it was shown that an RG
invariant chiral algebra exists, extending earlier works [9–11]. The chiral algebra arises as
the cohomology of the supercharge Q+. Using only the form of the supercurrent multiplet,
[8] shows that there is a half-twisted stress tensor (the original stress tensor modified by
the R-current) in the cohomology. As a consequence, conformal symmetry is part of the
chiral algebra.
Given these findings, we consider the consequences of the supercurrent multiplets for
the case that the N = (0, 2) supersymmetry is the symmetry preserved at the boundary of
a three-dimensional theory. We do not find a stress-tensor in the cohomology following the
steps in [8], however, there is a weaker statement. For this, one makes the (0, 2)-structure
manifest by regarding the three-dimensional N = 2 theory as a two-dimensional theory
living on the boundary R1,1. The bosonic fields of this theory are valued in maps from R≤0
to the original target. The currents are obtained from the original three-dimensional ones
by integrating over the direction perpendicular to the boundary and are preserved in the
boundary theory. In this theory, we then do have a stress energy tensor that is part of the
cohomology. Formulated in the initial theory, this cohomology element is obtained by an
integration in the perpendicular direction from infinity (or a second boundary, which we
do not discuss here) to the boundary. Note that the action of any charge computed from
the currents applied to an insertion at the boundary would involve an integration over this
direction, as well as all other spatial directions. In this sense we can also interpret the
partially integrated currents in the original theory.
The integration along the perpendicular direction also gives another perspective on
the boundary multiplets. The theory effectively becomes a two-dimensional theory with
N = (0, 2) supersymmetry, and the integrated multiplets are genuine N = (0, 2) multiplets.
In the second part of the paper, we study a specific example, namely a theory of three-
dimensional chiral multiplets with a superpotential. We restrict our explicit discussion to
the case of a single chiral field with a monomial superpotential. However, a generalization
to more than one superfield and an arbitrary superpotential preserving an R-symmetry
is straightforward and our discussion applies to this case as well. As has already been
shown in [3, 12], the condition of preserving N = (0, 2) supersymmetry leads to a three-
dimensional generalization of matrix factorizations [13, 14]. In this case, boundary terms
are canceled by adding fermionic degrees of freedom and a potential at the boundary. Using
Noether’s procedure, we compute the conserved currents for different boundary conditions.
These currents contain pure bulk as well as boundary pieces and only the combination of
both is conserved. We also discuss the current multiplets, following [5] for the bulk case.
Starting from the Noether currents, one needs to apply improvement transformations to
symmetrize the stress energy tensor and subsequently organize the currents into super-
current multiplets. As we consider the case where R-symmetry is preserved, the relevant
multiplet is the R-multiplet. We spell out all components of the bulk-boundary multiplet
in the example following the strategy outlined above.
To complete our understanding of the symmetries in the model, we study the algebra
of the supercharges and supercurrents (1.3) in the example. We start with the explicit
– 4 –
expressions of the currents in terms of fields and impose canonical commutation relations
on the fields. We then verify the relations (1.3) as well as the N = (0, 2) superalgebra in
the specific representation of the example. In the computation, it is essential to make use
of the correct factorization properties of the superpotential to recover the correct form of
the algebra.
This paper is organized as follows: In section 2 we review and elaborate on various
aspects of theories formulated on Minkowski space R1,N−1 with a flat boundary R1,N−2,
following and extending [15]. In section 3 we discuss supercurrent multiplets. We review
the constraints that have to be satisfied by such a multiplet from [5]. As explained there,
the most general supercurrent multiplets consists of certain superfields satisfying defin-
ing constraint relations. Their solutions are unique up to improvement transformations.
In special situations, such improvements can be used to formulate shorter multiplets, in
particular the R-multiplet. We decompose the multiplets and constraints according to
the (0, 2)-substructure and formulate consistent bulk-boundary multiplets. Here, current
conservation of the combined bulk-boundary system is imposed. We then discuss an inte-
grated structure, where we integrate in the direction perpendicular to the boundary. This
provides a two-dimensional version of the conservation equations, taking the familiar form
of divergence-freeness of the currents.
We then turn to a discussion of the Landau-Ginzburg example in section 4. First, in
4.1, we introduce the bulk model, then introduce a boundary in 4.2. We distinguish the
cases with and without superpotential and show that without specifying boundary con-
ditions, N = (0, 2) SUSY can be preserved by introducing boundary fermions and matrix
factorizations. Boundary conditions do however have to be imposed to make the action
stationary and we discuss Dirichlet and Neumann conditions. In particular, there is a pos-
sibility to make boundary conditions dynamical, imposing them as equations of motion.
We then turn to the formulation of currents in 4.3. Here, Noether’s procedure is employed
to compute the conserved currents in the combined bulk boundary system. We discuss
improvements to symmetrize the stress-energy tensor. Section 4.4 contains a discussion of
the supercurrent multiplets in the example.
In section 5 we study the realization of the symmetry algebra in the Landau-Ginzburg
model in terms of the fields. By imposing canonical commutation relations for the bulk
and boundary fields, we verify that the supercharges implement the correct symmetry
transformations on the fields and their derivatives, and we compute the brackets between
supercharges and supercurrents. Special attention is paid to the contributions from the
boundary. We do not impose any explicit boundary conditions on the fields in our com-
putations. In 5.1 we use the action of the supercharge on the derivative of the scalars to
verify how the bulk fermions decompose into boundary fermions — a decomposition that
was seen in earlier sections from the point of view of the action. In the following sub-
sections 5.2 and 5.3 we verify the brackets between supercharges and currents and finally
integrate them to the global supersymmetry algebra. The factorization condition of the
superpotential arises as a consistency condition on the SUSY algebra. Finally, section 6
contains some conclusions and outlook.
We summarize various technical points in a number of appendices. Here we also collect
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some supplementary material for completeness. In particular, we present some results on
N = (1, 1) supersymmetry in appendix B.2.
2 Currents and charges in theories with boundaries
In this section we want to study (classical) theories on flat Minkowski half-space with
spacelike boundary. In particular, we will consider
M =
{
xµ =
(
x0, . . . , xn, . . . , xN−1
) ∈ R1,N−1 ∣∣ xn ≤ 0 } , ∂M = {xn = 0}. (2.1)
On the flat boundary we will denote the tangential coordinates by xµˆ while the normal
coordinate is xn, i.e. µˆ takes all values except n. While our main focus will be N = 3 later
on, we will keep the discussion more general in this section.
2.1 Bulk and boundary Lagrangians
We want to study theories that have both bulk and boundary fields with an action of the
form
S = SB + S∂ =
∫
M
LB +
∫
∂M
L∂ , LB = LB[Φ, ∂µΦ], L∂ = L∂ [X, ∂µˆX,Φ|∂ , ∂µˆΦ|∂ ], 1
(2.2)
where Φ and X denotes bulk and boundary fields, respectively. Furthermore, one has to
impose boundary conditions. We follow the similar discussion from [15], which we generalize
here. The most general boundary conditions will be of the form
G(fields|∂ , derivatives of fields|∂) = 0. (2.3)
Under a (rigid) variation of the fields and an integration by parts, we get
δS =
∫
M
δLB +
∫
∂M
δL∂
=
∫
M
[
∂LB
∂Φ − ∂µ ∂L
B
∂(∂µΦ)︸ ︷︷ ︸
Bulk EoMB [Φ]
]
δΦ
+
∫
∂M
[(
∂L∂
∂X − ∂µˆ ∂L
∂
∂(∂µˆX)︸ ︷︷ ︸
Boundary EoM∂ [X]
)
δX +
(
∂L∂
∂Φ|∂ − ∂µˆ
∂L∂
∂(∂µˆΦ|∂) +
∂LB
∂(∂nΦ|∂)︸ ︷︷ ︸
=:A
)
δΦ|∂ + ∂µˆ(· · · )
]
.
(2.4)
Stationarity of the action requires that[A · δΦ|∂]G=0 = ∂µˆAµˆ, (2.5)
for some boundary vector field Aµˆ. Note that in any case, the variations δΦ|∂ , δX we
consider must be compatible with the chosen boundary condition, i.e. we may only consider
such variations that satisfy
δG|G=0 = 0. (2.6)
1We assume that the boundary Lagrangian L∂ contains only tangential derivatives ∂µˆ. We also assume
for simplicity that there are only first order derivatives of any kind.
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A special kind of boundary condition is the dynamical boundary condition, which amounts
to requiring
G := A != 0. (2.7)
This is equivalent to the paradigm (e.g. found in [1, 16]) not to impose static boundary
conditions, but instead adopt the boundary conditions that are naturally imposed by the
tendency of the system to make the action stationary.
2.2 Symmetries, currents and charges in boundary theories
2.2.1 Symmetries in boundary theories
Let us try to understand symmetries in theories with a boundary. If we want the full theory
to be invariant under some symmetry transformation of the fields, the boundary condition
must be compatible with the symmetry transformation, as mentioned in [15]:
δsymG|G=0 = 0. (2.8)
If this is satisfied, G is called a symmetric boundary condition with respect to δsym. Con-
veniently, this requirement is equivalent to demanding that the symmetry variation δsym is
a permitted variation in the sense of equation (2.6).
The definition of a symmetry in the presence of a boundary is analogous to the case of
a pure bulk theory: a symmetry is an off-shell transformation of both bulk and boundary
fields that leaves the action invariant, possibly after using boundary conditions:
0 = δsymS|G=0 = (δsymSB + δsymS∂)|G=0 = 0. (2.9)
It is natural to restrict to symmetries that arise from a symmetry of the bulk theory, i.e.
δsymLB = ∂µV µ holds for some bulk vector fields V µ. Noether’s theorem in the bulk then
ensures that ∂µJ
µ
B = 0, where J
µ
B = − ∂L
B
∂(∂µΦ)
δsymΦ+V
µ still holds. In terms of Lagrangians,
we can then write
0 = δsymS|G=0 =
∫
M
δsymLB +
∫
∂M
δsymL∂ =
∫
∂M
(V n + δsymL∂)|G=0. (2.10)
If the above condition holds without imposing any boundary condition G = 0, one
says that the symmetry is preserved without reference to specific boundary conditions. As
we start from a bulk theory LB with a symmetry, it is interesting to investigate whether a
boundary compensating term L∂ exists, so that (2.9) holds without referring to a boundary
condition [15, 16]. However, in general cases, one must impose specific symmetric boundary
conditions and add boundary terms so that the full action is stationary (2.5) and symmetric
(2.9).
2.2.2 Currents and charges
It is clear that the bulk theory charge QB =
∫
Σ J
0
B of the aforementioned symmetry is, in
general, no longer conserved after introducing a boundary, since the constant-time slice Σ
now has a boundary ∂Σ. As a physical interpretation, the bulk current “leaks” from the
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boundary, and this “leakage” must be compensated by a boundary term. More precisely,
what we need in addition to the bulk current JµB is a boundary current J
µˆ
∂ which lives on
the boundary of the full theory, such that the equations
∂µJ
µ
B = 0, ∂µˆJ
µˆ
∂ = J
n
B|∂ (2.11)
are satisfied. We also introduce the total conserved current2
Jµfull = J
µ
B + δ(x
n)PµµˆJ µˆ∂ , (2.12)
where Pµµˆ is a projector/embedding with Pnµˆ= 0, P νˆµˆ= δνˆµˆ. The conservation equations
(2.11) can be expressed as:
∂µJ
µ
full = δ(x
n)Jnfull. (2.13)
Note that the (boundary) conservation equation might only hold modulo boundary condi-
tions. The full conserved charge of the theory is then given by
Q =
∫
Σ
J0B +
∫
∂Σ
J0∂ =
∫
Σ
J0full, (2.14)
whose conservation is easy to see from (2.11).
Just as in pure bulk theories, there is more than one current leading to the same
conserved charge associated to a given symmetry. Transformations of the currents that
preserve the conservation equations and the charges are called the improvements of the
currents.
For a pure bulk theory, an improvement locally takes the form
JµB 7→ J˜µB = JµB + ∂νM [µν], (2.15)
which preserves the conservation equations and charges: ∂µJ˜
µ
B = 0 and Q˜B =
∫
Σ J˜
0
B ≡ QB.
For a theory with boundary, an improvement takes the form{
JµB
J µˆ∂
}
7→
{
J˜µB = J
µ
B + ∂νM
[µν]
J˜ µˆ∂ = J
µˆ
∂ +M
nµˆ + ∂νˆm
[µˆνˆ]
}
, (2.16)
which preserves the conservation equations (2.11) and the charge (2.14). The improvement
of the bulk current induces an improvement on the boundary current, and the boundary
current may be further improved by a pure boundary improvement.
Note that it is sometimes possible to completely “improve away” the boundary part of
the conserved current, in particular if there are no degrees of freedom on the boundary. In
that case the bulk charge QB is conserved even in the presence of a boundary, but then it
is, in general, sensitive to bulk improvements. This is the approach of the authors of [15].
2.3 Noether’s theorem on manifolds with boundary
Now that we have discussed the properties of conserved currents and charges in boundary
theories, let us investigate how we can compute them in a particular model. We present
a modification of Noether’s theorem that yields bulk and boundary currents in the sense
we defined above. The special case of a theory with boundary (and boundary terms) but
without boundary dynamics is discussed in detail in [15].
2See appendix D for details on δ-distributions at the boundary.
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2.3.1 Currents and charges without boundary
For completeness, let us quickly repeat Noether’s theorem in pure bulk theories. A sym-
metry is an off-shell transformation of the fields that leaves the action invariant:
δsymS = 0. (2.17)
If the transformation is rigid (i.e. leaves spacetime invariant) and assuming that fields “fall
off” at infinity the above condition is equivalent to
δsymLB = ∂µV µ (2.18)
for some bulk vector field V µ. On the other hand, a generic variation of the Lagrangian is
also given by
δsymLB = EoMB[Φ]δsymΦ + ∂µ
(
∂LB
∂(∂µΦ|∂)δsymΦ
) on-shell
= ∂µ
(
∂LB
∂(∂µΦ|∂)δsymΦ
)
. (2.19)
We find that on-shell 0 = ∂µ(V
µ − ∂LB∂(∂µΦ)δsymΦ), thus the bulk Noether current
JµB = − ∂L
B
∂(∂µΦ)
δsymΦ + V
µ, ∂µJ
µ
B = 0, (2.20)
is divergence-free (on-shell). Since there is no boundary present, divergence-freeness implies
the conservation of the charge
QB =
∫
Σ
J0B, (2.21)
where Σ is a constant-time slice of M , since ∂0QB =
∫
Σ ∂0J
0 = − ∫Σ ∂iJ i = 0.
2.3.2 Currents and charges with boundary
As we restricted to symmetries of boundary theories that come from a bulk theory, JµB
from (2.20) is still a valid divergence-free current by the same argument as above, so we
can use it as the bulk part of the full current (2.12). The task at hand is to now find a
boundary current which satisfies ∂µˆJ
µˆ
∂ = J
n
B|∂ . We want to apply a similar strategy as
in the pure bulk theory: compare the (off-shell) symmetry variation of the action with an
on-shell variation. On the off-shell side we get
0 = δsymS|G=0 =
∫
M
∂µV
µ +
∫
∂M
δsymL∂ |G=0 =
∫
∂M
[V n + δsymL∂ ]G=0, (2.22)
which implies that
[V n + δsymL∂ ]G=0 = ∂µˆK µˆ (2.23)
for some boundary vector field K µˆ.
On the on-shell side, we now use equations of motion and the stationarity condition
(2.5). By varying the boundary Lagrangian directly and assuming G[. . .]|∂ = 0 we get
δsymL∂ =
[
∂L∂
∂Φ|∂ − ∂µˆ
∂L∂
∂(∂µˆΦ|∂)
]
δsymΦ|∂ + EoM∂ [X]δsymX
+ ∂µˆ
(
∂L∂
∂(∂µˆX)
δsymX +
∂L∂
∂(∂µˆΦ|∂)δsymΦ|∂
)
.
(2.24)
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To rewrite the first term, let us plug in δ = δsym into (2.5) (still assuming G[. . .] = 0) and
use the definition of the bulk Noether current (2.20) to rewrite it:
∂µˆA
µˆ on-shell=
[
∂L∂
∂Φ|∂ − ∂µˆ
∂L∂
∂(∂µˆΦ|∂)
]
δsymΦ|∂ + [V n − JnB]∂ . (2.25)
Plugging this into the previous equation and going on-shell, we get
δsymL∂ on-shell= [JnB − V n]∂ + ∂µˆ
(
Aµˆ + ∂L
∂
∂(∂µˆX)
δsymX +
∂L∂
∂(∂µˆΦ|∂)δsymΦ|∂
)
. (2.26)
We can now compare this on-shell variation to the off-shell variation in (2.23) and see
JnB|∂ = ∂µˆ
(
K µˆ −Aµˆ − ∂L∂∂(∂µˆX)δsymX −
∂L∂
∂(∂µˆΦ|∂)δsymΦ|∂). (2.27)
Thus, we can read off the boundary Noether current
J µˆ∂ = K
µˆ −Aµˆ − ∂L∂∂(∂µˆX)δsymX −
∂L∂
∂(∂µˆΦ|∂)δsymΦ|∂ , ∂µˆJ
µˆ
∂ = J
n
B|∂ . (2.28)
Together with the bulk current (2.20), this forms a conserved boundary theory current in
the sense of (2.11). We recall that K µˆ is defined by the symmetry condition (2.23) and Aµˆ
is defined by the stationarity condition (2.5). Notice that through the dependency on Aµˆ,
the boundary Noether current may explicitly depend on the boundary condition, even if
the bulk variation is compensated at the boundary in a boundary-condition-independent
way (cf. section 2.2.1).
2.3.3 Special case: Energy-momentum tensor
In the presence of a boundary, Noether’s theorem applies to spacetime translations as well:
the total energy-momentum tensor is3
T µν = (T
B) µν + δ(x
n)PµµˆP νˆν (T ∂) µˆνˆ . (2.29)
Here, the bulk contribution is
(TB) µν = −
∂LB
∂(∂µΦ)
∂νΦ + δ
µ
ν LB, (2.30)
while the boundary contribution is
(T ∂) µˆνˆ = −
∂L∂
∂(∂µˆX)
∂νˆX − ∂L
∂
∂(∂µˆΦ)
∂νˆΦ + δ
µˆ
νˆL∂ , (2.31)
where summation over fields is implied. The conservation equations are given by
∂µ(T
B) µν = 0,
∂µˆ(T
∂) µˆνˆ = T
n
νˆ |∂ ,
(2.32)
3Strictly speaking, the index ν does not take the value n: translations in xn-direction are no longer
symmetries. However, we may still consider this part of the tensor even though it does not lead to a
conserved charge.
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and the total tensor satisfies ∂µT
µ
ν = δ(xn)P νˆν T nνˆ . The momenta along the tangential
νˆ-directions are conserved
Pνˆ =
∫
Σ
(TB) 0νˆ +
∫
∂Σ
(T ∂) 0νˆ , ∂0Pνˆ = 0, (2.33)
while Pn =
∫
Σ(T
B) 0n is clearly not conserved in general: ∂0Pn = −
∫
Σ ∂i(T
B) 0n = −T nn |∂ .
This is consistent with a flat boundary: the theory is only invariant under spacetime
translations tangential to the boundary.
As far as improvements are concerned, the most general improvement takes the form{
(TB)µν
(T ∂)µˆνˆ
}
7→
{
(TB)µν + ∂
ρMν[µρ]
(T ∂)µˆνˆ +Mνˆnµˆ + ∂
ρˆmνˆ[µˆρˆ]
}
, (2.34)
which, as before, leads to the same charges. However, if we restrict to improvements of
symmetric tensors containing up to spin 1 components [5], the allowed improvements take
the form: {
(TB)µν
(T ∂)µˆνˆ
}
7→
{
(TB)µν + ∂νUµ − ηµν∂ρUρ
(T ∂)µˆνˆ + ηµˆνˆUn − ηnνˆUµˆ + ∂νˆuµˆ − ηµˆνˆ∂ρˆuρˆ
}
, (2.35)
where Uµ is the bulk improvement and uµˆ the boundary improvement.
3 Boundary supercurrent multiplets in 3D
We want to study supercurrent multiplets of theories on manifolds with boundary. In
particular, we consider the special case of bulk theories with 3D N = 2 supersymmetry,
broken to 2D N = (0, 2) due to the boundary. While our discussion is limited to this
particular case, the strategy is expected to work in greater generality. We start by recalling
the definitions and some facts about supercurrent multiplets, following [5] (see also [17] for
a connection to a superspace Noether procedure).
The defining properties of a supercurrent multiplet are:
(a) The energy-momentum tensor (TB)µν should be a component of the multiplet. It is
also the only component with spin 2.
(b) The supercurrents, i.e. conserved currents associated to supersymmetry, are compo-
nents of the multiplet. They are the only components with spin 3/2. No component
other than the supercurrents and the energy-momentum tensor are allowed to have
spin larger than 1.
(c) The supercurrent multiplet is not unique: it allows for (supersymmetrically complete)
improvements of its components.
(d) The multiplet is indecomposable, so it may have non-trivial submultiplets, but it may
not be decomposed into two independent decoupled multiplets.
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The components of a supercurrent multiplet (in particular, the conserved currents) are
only unique up to improvements. However, improving one component and not the others
breaks the structure of the multiplet. Hence, to consistently improve the supercurrent
multiplet, we must restrict to improvements of all components which are related in a
certain way (specifically, the improvement terms have to form a supersymmetry multiplet
themselves; details are in [5]). In other words, if one is given two components (e.g. a
supercurrent and an energy-momentum tensor), one may have to improve one of them
such that they can be part of the same supercurrent multiplet. We say two conserved
currents which have been improved such that they are part of a consistent supercurrent
multiplet are in the same improvement frame.
For some theories the supercurrent multiplet may be improved into a smaller multiplet
(e.g. to obtain anR-multiplet or a Ferrara-Zumino multiplet). There are still improvements
that preserve this smaller multiplet [4, 5, 8]. We will recall the case of 3D N = 2 theories
in more detail.
3.1 In bulk theories
We will focus on three-dimensional theories with two-dimensional boundaries. In this
section we recall the defining relations and properties of supercurrent multiplets in three-
dimensional bulk theories with N = 2 supersymmetry from [5].
The most general supercurrent multiplet satisfying the conditions (a)–(d) (called the
S-multiplet) consists of three superfields, Sαβ, χα,Yα with Sαβ real, χα,Yα fermionic, and
a complex constant C. They must satisfy the defining relations:
D
βSαβ = χα + Yα,
Dαχβ =
1
2Cαβ,
Dαχα +D
α
χα = 0,
DαYβ +DβYα = 0,
D
αYα + C = 0.
(3.1)
These defining relations are solved by the following expansions (using bispinor relations
(A.13)):
Sµ = jµ − iθ(Sµ + i√2γµω)− iθ(Sµ −
i√
2
γµω) +
i
2θ
2Y µ +
i
2θ
2
Yµ
− (θγνθ)(2Tνµ − ηµνA− 14µνρHρ)− iθθ(14µνρF νρ + µνρ∂νjρ)
+ 12θ
2θ
(
γν∂νSµ − i√2γµγν∂
νω
)
+ 12θ
2
θ
(
γν∂νSµ +
i√
2
γµγν∂
νω
)
− 12θ2θ
2(
∂µ∂
νjν − 12∂2jµ
)
,
(3.2a)
χα = −iλα(y) + θβ
[
δ βα D(y)− (γµ) βα
(
Hµ(y)− i2µνρF νρ(y)
)]
+ 12θαC − θ2(γµ∂µλ)α(y),
(3.2b)
Yα =
√
2ωα + 2θαB + 2iγ
µ
αβθ
β
Yµ +
√
2i(θγµθ)µνρ(γ
ν∂ρω)α
+
√
2iθθ(γµ∂µω)α + iθ
2γµαβθ
β
∂µB − θ2θα∂µY µ + 12√2θ
2θ
2
∂2ωα,
(3.2c)
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where (Sµ)α, (S
µ
)α are conserved supercurrents, Tµν is a symmetric energy-momentum
tensor, and
λα = −2(γµSµ)α + 2
√
2iωα,
D = −4Tµµ + 4A,
B = A+ i∂µj
µ,
dH = 0, dY = 0, dF = 0,
(3.3)
where H,F, Y are forms with components Hµ, Fµν , Yµ. Additionally, y is the “chiral”
coordinate yµ = xµ − iθγµθ. If the forms Y or H are exact, the superfields Yα or χα may
be written as covariant derivatives: If Yµ = ∂µx, then Yα = DαX where X|θ0 = x, and if
Hµ = ∂µg, then χα = iDαG where G|θ0 = g.
3.1.1 Improvements
The expansions (3.2) together with the relations (3.3) and the conservation of currents
∂µ(S
µ)α = 0, ∂
µTµν = 0 do not form the only solution of the constraints (3.1). We may
improve without violating the constraints
Sµ 7→ Sµ + 14γαβµ [Dα, Dβ]U,
χα 7→ χα −D2DαU,
Yα 7→ Yα − 12DαD
2
U,
(3.4)
where U = u + θη − θη + θ2N − θ2N + (θγµθ)Vµ − iθθK + . . . is a real superfield. The
improvement transforms
(Sµ)α 7→ (Sµ)α + µνρ(γν∂ρη)α,
Tµν 7→ Tµν + 12(∂µ∂ν − ηµν∂2)u,
Hµ 7→ Hµ − 4∂µK,
Fµν 7→ Fµν − 4(∂µVν − ∂νVµ),
Yµ 7→ Yµ − 2∂µN.
(3.5)
The multiplet Sµ may be improved into smaller multiplets. In particular:
(1) If C = 0, χα = iDαG (i.e. H is exact) and there exists a well-defined improvement U
such that G = 2iD
α
DαU , then it sends χα to zero and we obtain a Ferrara-Zumino
multiplet [18]:
D
βJαβ = Yα,
DαYβ +DβYα = 0, DαYα = 0.
(3.6)
(2) If C = 0, Yα = DαX (i.e. Y is exact) and there exists a well-defined improvement U
such that X = 12D
2
U , then it sends Yα to zero and we obtain an R-multiplet [19]:
D
βRαβ = χα,
Dαχβ = 0, D
αχα +D
α
χβ = 0.
(3.7)
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In this case, the lowest component jµ of the multiplet Rµ (we relabel Sµ to Rµ) is
a conserved R-current (in the general Sµ-multiplet, jµ is not conserved; however, we
still call it a “non-conserved R-current”). The R-multiplet will be the primary focus
of our example in section 4.
(3) If C = 0 and the improvements from (1) and (2) coincide, we can improve both
superfields χα,Yα to zero simultaneously. In that case we obtain a superconformal
multiplet
D
βSαβ = 0. (3.8)
Note that even if smaller multiplets exist, they are still not unique: we may further improve
the smaller multiplets without violating the respective additional constraints. For example,
in the case of the R-multiplet, the improvements that preserve the defining constraints are
transformations
Rµ 7→ Rµ + 14γαβµ [Dα, Dβ]U,
χα 7→ χα −D2DαU,
DαD
2
U = 0.
(3.9)
3.1.2 Brane currents
We may associate to the closed forms F,H, Y,C the brane currents defined by taking their
Hodge dual:
Cµ ∼ µνρF νρ, Cµν ∼ µνρHρ, C ′µν ∼ µνρY ρ, Cµνρ ∼ µνρC. (3.10)
Note that these are conserved by construction, ∂µC
µ
µ1...µk = 0, since the forms are closed.
4
Then, the brane charges defined by Zµ1...µk =
∫
ΣC
0
µ1...µk
are conserved as well. In addition,
they are also invariant under the improvements (3.5). The brane charges, if they are non-
trivial, are central charges of the supersymmetry algebra (but not of the Poincare´ algebra).
This is motivated by studying the explicit commutators [5] that follow from the multiplet
structure of Sµ:5
{Qα, (Sµ)β} = γναβ(2Tνµ − 14µνρHρ) + iαβ 14µνρF νρ + total derivatives,
{Qα, (Sµ)β} = 14(γµ)αβC + iµνργναβY
ρ
,
(3.11)
where we may find non-trivial central charges in the supersymmetry algebra upon integra-
tion. Each current Cµµ1...µk and the corresponding charge Zµ1...µk is associated to a k-brane.
Hence, the brane charges form a physical obstruction to improvements into smaller multi-
plets. In particular, a non-zero charge associated to F or H obstructs the existence of a
Ferrara-Zumino multiplet, and a non-zero charge associated to Y obstructs the existence
of an R-multiplet.
4In coordinate-free notation this is written as d ∗ C = 0 which follows trivially if C = ∗A, with dA = 0.
5Recall, the action of physical supercharges via commutators is related to the action via (super)-
differential operators by
[ξαQα − ξαQα, X] = i(ξαQα − ξαQα)X =: iδξ,ξsymX.
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3.2 In theories with boundary
The introduction of a boundary affects supercurrent multiplets in two obvious ways.
First, supersymmetry is broken to a subalgebra, where our main focus will be 2D
N = (0, 2). The bulk supercurrent multiplets, previously 3D N = 2 superfields, now
decompose under the subalgebra to (0, 2)-superfields. We spell out this decomposition
in appendix C.1. Similarly, the constraints (3.1) now decompose into constraints of the
(0, 2)-superfields. We will spell out this decomposition in the next subsection.
Second, a boundary changes the conserved currents of remaining symmetries by sup-
plementing the bulk currents (2.20) with boundary currents (2.28) satisfying appropriate
conservation equations. The conservation equations must follow from the constraints that
define the supercurrent multiplets, as in bulk theories, and the full supercurrent multiplets
will now consist of bulk and boundary pieces. The schematic form of full supercurrent
multiplets reads
S fullµ = SBµ + δ(xn)P µˆµS∂µˆ ,
χfullα = χ
B
α + δ(x
n)χ∂α,
Y fullα = YBα + δ(xn)Y∂α,
(3.12)
where once again Pµµˆ is an embedding.
Let us briefly discuss how the conditions (a)–(d) are modified. It is clear that the
new superfields should contain the full conserved currents of unbroken symmetries, in the
sense of section 2.3 (conditions (a), (b)). Furthermore, improvements of the full conserved
currents in the sense of (2.16) that form consistent multiplets under the smaller subalgebra
are improvements of theN = (0, 2) supercurrent multiplets (condition (c)). However, under
the smaller symmetry algebra, the previously indecomposable (bulk) multiplet decomposes
into possibly several indecomposable multiplets of the remaining symmetry subalgebra.
Therefore condition (d) is not preserved in general.
3.3 Bulk and boundary constraints by decomposition
Let us recall the structure of subalgebras of the 3D N = 2 algebra which may be preserved
after the introduction of a boundary. The (unbroken) symmetry algebra is generated by
tangential translations Pµˆ, Lorentz transformations Mµˆνˆ in the unbroken directions, and
one of the following:
(1) supercharges Q+, Q+ corresponding to a 2D (0, 2)-subalgebra satisfying
(Q+)
2 = 0, {Q+, Q+} = −4i∂+, (3.13)
(2) their left-moving (2, 0) counterparts Q−, Q−,
(3) (real) supercharges Q−,Q+ corresponding to a 2D (1, 1)-subalgebra satisfying
(Q±)2 = −i∂±, {Q−,Q+} = 0. (3.14)
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In this work we consider the only the first case. We want to determine constraint equations
that define supercurrent multiplets in a 3D theory with boundary and 2D N = (0, 2) super-
symmetry. To do so, we first decompose the 3D N = 2 bulk constraints into N = (0, 2)
bulk constraints, and then investigate possible N = (0, 2) boundary constraints.
We supplement the superspace operators Q+, Q+ with covariant derivatives D
(0,2)
+ ,
D
(0,2)
+ defined in appendix B.1. Let us emphasize that these are not the operators Dα, Dα
acting on 3D N = 2 superspace, but are related to them by (B.4). We will omit the label
(0, 2) from now on; it should be clear from context whether a 3D N = 2 or a N = (0, 2)
covariant derivative is meant.
3.3.1 Bulk constraints
Since the bulk conservation equations remain unchanged, the constraints on the bulk pieces
in our ansatz (3.12) will remain the same component-wise. We merely have to decompose
the multiplets and their constraints into constraints of (0, 2)-submultiplets. For simplicity
we choose to do so for the case where the supermultiplet is an R-multiplet:6 We will
decompose the superfields (Rµ, χα) and the constraints (3.7). We can achieve this using the
branching coordinate ξµ. It has the defining property that in the coordinates (ξµ, θ+, θ−),
the preserved supercharges Q+ and Q+ commute with θ
− and θ−; see appendix B.1 for
details. Another property is that Q+, Q+ do not involve a derivative in ⊥-direction. In
terms of ξ we can decompose
RBµ (x, θ, θ) = RB(0)µ + θ−RB(1)µ − θ−RB(1)µ + θ−θ−RB(2)µ ,
χBα (x, θ, θ) = χ
B(0)
α + θ
−χB(1a)α + θ
−
χB(1b)α + θ
−θ−χB(2)α ,
(3.15)
where we now denote bulk fields by a superscript B, and boundary fields (to appear later)
with a superscript ∂. The bracketed number subscripts refer to the order in θ−, θ− we have
expanded in. Here, each field on each right-hand side is a (super)function of (ξ, θ+, θ
+
).
Furthermore, because Q+, Q+ commute with θ
−, θ−, the coefficient at each order in θ−, θ−
is a (0, 2)-submultiplet — the remaining supersymmetry group acts independently on each
of them. This is a constructive way to decompose 3D N = 2 superfields with respect to the
2D N = (0, 2) subalgebra. In the appendix, we write the above decomposition explicitly
for the S-multiplet (C.2)–(C.4), from which the R-multiplet follows by setting appropriate
terms to zero.
In terms of the (0, 2)-submultiplets, the constraints (3.7) are then written as the fol-
lowing collection of equations, where we use coordinates ξ+ = ξ0 + ξ1, ξ− = ξ0 − ξ1 and
ξ⊥ = x⊥ + i(θ+θ− − θ−θ+):7
From D−χα = 0:
χB(1b)α = 0, (3.16a)
χB(2)α + 2i∂−χ
B(0)
α = 0. (3.16b)
6The more general case of the S-multiplet is quite similar and is given in the appendix, see (C.8)–(C.13).
7Note that covariant derivatives acting on (0, 2)-superfields are (0, 2)-covariant derivatives.
– 16 –
From D+χα = 0:
D+χ
B(0)
α = 0, (3.17a)
D+χ
B(1a)
α + 2i∂⊥χ
B(0)
α = 0, (3.17b)
D+χ
B(2)
α = 0. (3.17c)
From ImDαχα = 0:
Im(D+χ
B(0)
− − χB(1a)+ ) = 0, (3.18a)
D+χ
B(1a)
− + χ
B(2)
+ − 2i∂−χB(0)+ − 2i∂⊥χB(0)− = 0, (3.18b)
Im(D+χ
B(2)
− − 2i∂−χB(1a)+ − 2i∂⊥χB(1a)− ) = 0. (3.18c)
Finally, the relation D
βRαβ = χα yields:8
χB(0)α = D+RB(0)α− −RB(1)α+ , (3.19a)
−χB(1a)α = D+RB(1)α− +RB(2)α+ + 2i∂⊥RB(0)α− + 2i∂−RB(0)α+ , (3.19b)
0 = D+RB(1)αβ , (3.19c)
χB(2)α = D+RB(2)α− + 2i∂⊥RB(1)α− + 2i∂−RB(1)α+ . (3.19d)
Note that we have not introduced any new structure here: component-wise, equations (3.7)
have identical content as (3.16a)–(3.19d). In particular, the bulk conservation equations
follow from these constraints. Let us explicitly verify this in the example of the conservation
of theR-current jBµ . We start with equation (3.19b) setting α = + and taking the imaginary
part. Using the reality of Rαβ (which implies the reality of RB(0)αβ and RB(2)αβ ), we arrive at
− Im(χB(1a)+ ) = Im(D+RB(1)+− ) + 2∂⊥RB(0)+− + 2∂−RB(0)++ . (3.20)
Now consider equation (3.19a); setting α = −, conjugating, applying D+ on both sides
and finally taking the imaginary part we obtain
Im(D+χ
B(0)
− ) = Im(D+D+RB(0)−− )− Im(D+RB(1)−+ ). (3.21)
From the reality of RB(0)αβ we get Im(D+D+RB(0)−− ) = 2∂+RB(0)−− . Finally, we use (3.18a) to
combine (3.20) and (3.21) into the bulk conservation equation for the R-current:
2∂+RB(0)−− + 2∂⊥RB(0)+− + 2∂−RB(0)++ = 0. (3.22)
This equation also implies the bulk conservation of (SBµ )+, (S
B
µ )+ and T
B
µ+, as can be
verified by the expansions (C.2)–(C.4).
In an analogous fashion, we may derive the bulk conservation for RB(1)αβ and RB(2)αβ .
The conservation of RB(1)αβ follows from (3.19a)–(3.19d) together with (3.18b), and implies
the conservation of bulk supercurrents (SBµ )−, (S
B
µ )− and the tensor TBµ⊥. The conservation
of RB(2)αβ follows from (3.18c), (3.19b) and (3.19d), and implies the conservation of the bulk
tensor TBµ−.
8These have already been simplified by some relations we found, e.g. (3.16a).
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3.3.2 Boundary constraints
We now want to discuss constraints that we need to impose on the boundary parts R∂µ and
χ∂α (and Y∂α in the case of the Sµ-multiplet). Our guiding principle is of course the fact
that the constraints need to impose boundary conservation (2.28) on the components of the
boundary multiplets. The constraints can, in part, be deduced from the bulk constraints
(3.16)–(3.19). Let us elaborate on this point: bulk and boundary superfields are combined
to our total supercurrent multiplet
Rfullµ = RBµ + δ(ξ⊥)P µˆµ R∂µˆ, (3.23)
where both bulk and boundary pieces can be decomposed into (0, 2)-multiplets:9
RBµ (x, θ, θ) = RB(0)µ + θ−RB(1)µ − θ−RB(1)µ + θ−θ−RB(2)µ ,
R∂µˆ(x, θ, θ) = R∂(0)µˆ + θ−θ
−R∂(2)µˆ ,
(3.24)
and similarly for auxiliary fields
χBα (x, θ, θ) = χ
B(0)
α + θ
−χB(1a)α + θ
−
χB(1b)α + θ
−θ−χB(2)α ,
χ∂α(x, θ, θ) = χ
∂(0)
α + θ
−χ∂(1a)α + θ
−
χ∂(1b)α + θ
−θ−χ∂(2)α .
(3.25)
As mentioned before, the bulk part is unchanged compared to the full 3D N = 2 current
multiplet; it is simply decomposed into its (0, 2)-submultiplets. The ansatz for the bound-
ary part is directly motivated by the expansions (C.2)–(C.4) of the bulk multiplet, which
show that
RB(0)µ = jBµ + . . . ,
RB(1)µ = −i(SBµ )− + . . . ,
RB(2)µ = −2Kµ− + . . . ,
(3.26)
where for the R-multiplet, Kµν = 2Tνµ − 14µνρHρ. We can conclude
R∂(0)µˆ = j∂µˆ + . . . ,
R∂(2)µˆ = −2K∂µˆ− + . . . ,
(3.27)
as the bulk conserved currents have to be paired with their respective boundary currents.
Note that we do not consider a boundary contribution to the “broken” (SBµ )− currents,
as we have no guiding principle in this framework. Then, due to the form of the full
supercurrent multiplet (3.23), we postulate that the constraints applied to the boundary
piece must be of similar form as (3.16a)–(3.19d), but instead of imposing divergence-freeness
(2.20), they should impose (2.28) on the remaining, conserved boundary currents.
We postulate the following adjustments on the constraints obtained from the bulk
(3.16)–(3.19), now applied to boundary multiplets R∂(∗)αα , in order to obtain correct conser-
vation equations:
9This is essentially an embedding into 3D N = 2 superspace, see [6, 20].
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(1) Firstly, since the boundary is two-dimensional with directions x++, x−− (in bispinor
notation, cf. (A.13)) we only have superfields R∂(∗)++ ,R∂(∗)−− , and no superfield R∂(∗)+− .
(2) Secondly, we do not consider boundary contributions to the “broken” (SBµ )− currents,
and hence no R∂(1)αα should appear.
(3) Lastly, to impose the correct conservation equation on the boundary, we must replace
terms of the form ∂⊥A∂ with −AB|∂ whenever such terms appear. This transfor-
mation precisely maps divergence-free equations (2.20) into boundary conservation
equations (2.28). In addition, this replacement parses well with the fact that deri-
vatives in the perpendicular direction make little sense when they act on boundary
currents, in particular when the boundary currents are functions of purely boundary
fields.
The preliminary constraints on the boundary pieces then read:
Analogs to (3.16):
χ∂(1b)α = 0, (3.28a)
χ
∂(2)
− + 2i∂−χ
∂(0)
− = 0. (3.28b)
Analogs to (3.17):
D+χ
∂(0)
− = 0, (3.29a)
D+χ
∂(1a)
+ − 2iχB(0)+ |∂ = 0, (3.29b)
D+χ
∂(2)
α = 0. (3.29c)
Analogs to (3.18):
Im(D+χ
∂(0)
− − χ∂(1a)+ ) = 0, (3.30a)
Im(D+χ
∂(2)
− − 2i∂−χ∂(1a)+ + 2iχB(1a)− |∂) = 0. (3.30b)
Lastly, the analogs to (3.19):
χ
∂(0)
+ = 0, (3.31a)
χ
∂(0)
− = D+R∂(0)−− , (3.31b)
χ
∂(1a)
+ = −R∂(2)++ + 2iRB(0)+− |∂ − 2i∂−R∂(0)++ , (3.31c)
χ
∂(1a)
− = 2iRB(0)−− |∂ , (3.31d)
χ
∂(2)
+ = −2iRB(1)+− |∂ , (3.31e)
χ
∂(2)
− = D+R∂(2)−− − 2iRB(1)−− |∂ . (3.31f)
Note that the naive application of adjustments (1)–(3) leads to three further relations,
which we have intentionally omitted above. These are: the analog of (3.16b) for α = +,
which reads
χ
∂(2)
+ + 2i∂−χ
∂(0)
+ = 0, (3.32)
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the analog of (3.17b) for α = −, which reads
D+χ
∂(1a)
− − 2iχB(0)− |∂ , (3.33)
and lastly, the analog of (3.18b) reads
D+χ
∂(1a)
− + χ
∂(2)
+ − 2i∂−χ∂(0)+ + 2iχB(0)− |∂ = 0. (3.34)
We argue that these relations must be discarded from the set of constraints of boundary
multiplets. To see this, note that the first relation (3.32) is compatible with equations
(3.31a) and (3.31e) only if RB(1)+− |∂ = 0. Similarly, the second relation (3.33) in agree-
ment with equations (3.31d) and (3.19a) again only if RB(1)+− |∂ = 0. Lastly, the third
relation (3.34) is consistent with (3.31a), (3.31d), (3.31e) and (3.19a), once more only if
RB(1)+− |∂ = 0. Hence, including any of the three relations in the constraints of boundary
(0, 2)-supermultiplets would impose
RB(1)+− |∂ = −i(SB⊥ )−|∂ + . . . = 0. (3.35)
However, imposing this condition would imply the conservation of the “broken” charge Q−,
as the current (SBµ )− would fulfill (2.11) with a trivial boundary part. Therefore, if we did
not omit relations (3.32)–(3.34), we would impose the conservation of the “broken” charges
Q−, Q−, which is inconsistent with the “breaking” of P⊥ and the explicit conservation of
the charges Q+, Q+. As a last argument, we note that the three omitted relations are
not required to obtain the boundary conservation equations for the remaining symmetries
(N = (0, 2) supersymmetry, R-symmetry, 2D Poincare´ symmetry). We will verify this in
the remainder of this subsection by explicitly checking that the boundary conservation
equations indeed follow from constraints (3.28)–(3.31).
We spell out the derivation of the boundary conservation equation in the example of
R∂(0)αα : Taking the imaginary part of (3.31c) and using the reality of the multiplet, we
obtain
Im(χ
∂(1a)
+ ) = 2RB(0)+− |∂ − 2∂−R∂(0)++ . (3.36)
Now we take equation (3.31b), conjugate it, apply D+ on both sides and finally take
imaginary part again to obtain:
Im(D+χ
∂(0)
− ) = Im(D+D+R∂(0)−− ). (3.37)
Again, due to the reality of R∂(0)−− , we have that Im(D+D+R∂(0)−− ) = 2∂+R∂(0)−− . Finally, we
can combine equations (3.36) and (3.37) using (3.30a) into the conservation equation for
the boundary R-current:
2RB(0)+− |∂ − 2∂−R∂(0)++ − 2∂+R∂(0)−− = 0. (3.38)
Like its bulk counterpart, this superfield equation also implies the boundary conservation
of (S∂µˆ)+, (S
∂
µˆ)+ and T
∂
µˆ+.
In a similar fashion, we may derive boundary conservation of R∂(2)αα using equations
(3.31f), (3.30b), (3.31c) and (3.31d). Component-wise it implies the conservation of the
boundary tensor T ∂µˆ− . No boundary analog to bulk conservation of (S
B
µ )− follows from the
boundary constraints, which is what we expect.
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3.4 Integrated supercurrent multiplets
3.4.1 Comparison to pure 2D theories
The supercurrent multiplets that satisfy the bulk (3.16)–(3.19) and boundary (3.28)–(3.31)
constraints are (0, 2)-multiplets of a three-dimensional theory with boundary, with super-
symmetry algebra isomorphic to that of a 2D (0, 2)-theory. It is interesting to compare and
contrast the structure of this theory to a pure bulk 2D theory with (0, 2)-supersymmetry.
We review some generic aspects of such bulk theories following [8] (see also [21] for a
comprehensive review on 2D N = (0, 2) models).
In the case of a 2D theory withN = (0, 2) supersymmetry, the most general S-multiplet
is given by superfields (S(0,2)++ ,W(0,2)− , T (0,2)−−−−, C) and corresponding defining constraints in
2D (0, 2)-theories, such that conditions (a)–(d) are satisfied. For details on their structure
see [5, 8]. If the (0, 2)-model we consider has an R-symmetry, there exists a corresponding
smaller R-multiplet (R(0,2)µˆ , T (0,2)−−−−) containing an improved energy momentum tensor Tµν .
Furthermore, the structure of the multiplet guarantees that we can define the half-twisted
energy-momentum tensor T˜µν
T˜++ = T++ +
i
2∂+j+,
T˜+− = T+− − i2∂−j+,
T˜−− = T−− − i2∂−j−,
(3.39)
which satisfies
{Q+, · · · } = T˜+µˆ,
{Q+, T˜−−} = 0, but {Q+, · · · } 6= T˜−−.
(3.40)
In other words, the components of the twisted energy-momentum tensor are Q+-cohomo-
logy elements, and T˜−− is a non-trivial element. Starting from these identities, one can
show that the Q+-cohomology of observables is invariant under renormalization group flow
and thus carries information about possible IR fixed points of the model under consideration
[8]. In particular, there is an emergent conformal symmetry on the level of cohomology.
Secondly, it is well known for (0, 2)-theories that the cohomology of Q+ as an operator
on fields is isomorphic to the cohomology of D+ as an operator on superfields. In this
language, the non-trivial components of the twisted energy-momentum tensor are given by
an appropriateD+-closed linear combination of superfields from the supercurrent multiplet:
D+(T (0,2)−−−− − i2∂−−R
(0,2)
−− ) = 0. (3.41)
3.4.2 An energy-momentum tensor (not) in the cohomology
Since our three-dimensional theory with boundary has the same supersymmetry algebra,
we might expect a similar structure as far as Q+-cohomology is concerned. Indeed, we can
identify the analog of (3.41) in 3D: we combine bulk equations (3.16b),(3.19a) and (3.19d)
for α = − to:10
D+(RB(2)−− + 2i∂−RB(0)−− ) = −2i∂⊥RB(1)−− , (3.42)
10The factor discrepancy on the left-hand side of (3.41) and the above equations is merely due to switching
between spacetime and bispinor notation (cf. (A.14)).
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as well as boundary equations (3.28b), (3.31b) and (3.31f) to
D+(R∂(2)−− + 2i∂−R∂(0)−− ) = 2iRB(1)−− |∂ . (3.43)
Furthermore, we can also combine (3.17b), (3.19a) and (3.19b) for α = + into
D+(RB(2)++ + 2iRB(0)++ ) = −2i∂⊥RB(1)++ . (3.44)
Similarly, we combine boundary equations (3.29b), (3.30b) and (3.19a) into
D+(R∂(2)++ + 2i∂−R∂(0)++ ) = 2iRB(1)++ |∂ . (3.45)
We can rewrite these relations using the full R-multiplet Rfull(∗)αβ = RB(∗)αβ + δ(ξ⊥)R∂(∗)αβ :
D+(Rfull(2)−− + 2i∂−Rfull(0)−− ) = −2i∂⊥RB(1)−− + 2iδ(ξ⊥)RB(1)−− |∂ ,
D+(Rfull(2)++ + 2i∂−Rfull(0)++ ) = −2i∂⊥RB(1)++ + 2iδ(ξ⊥)RB(1)++ |∂ .
(3.46)
The first equation is the analog of (3.41) in 3D, as we already stated. The second equation
is the analog of the Q-closedness (equivalent to D+-closedness) of the half-twisted tensor
T+− − i2∂−j+, which in 2D follows from Q-exactness.
3.4.3 Integrated currents and multiplets
Equation (3.46) shows that one cannot, in general, repeat the pure 2D argument to pro-
duce a local energy-momentum tensor twisted by the R-symmetry such that it is a Q+-
cohomology element. However, there is a different point of view which is helpful here: A
three-dimensional quantum field theory with a finite number of fields can instead be re-
garded as a two-dimensional quantum field theory with an infinite number of fields. More
precisely, instead of viewing bulk fields, loosely speaking, as maps ∂M×R≤0 → T , we view
them as maps ∂M → {maps: R≤0 → T} [1, 22]. Now, instead of considering separate bulk
and boundary actions, we can write a single Lagrangian for the full theory:
Lint. := L∂ +
∫
R≤0
dxnLB; S =
∫
∂M
dxN−1Lint.. (3.47)
We see that the action is the same as before, but integration along xn is now a concep-
tually different operation: before, it used to be an integral on the spacetime on which
the field theory is defined; now it is an operation on the new target space (i.e. a func-
tional). The integration along xn also translates to conserved currents: As the theory is
now formally two-dimensional, applying Noether’s theorem to the above Lagrangian yields
a two-dimensional current of the form
J int.µˆ = J
∂
µˆ +
∫
R≤0
dxnJBµˆ . (3.48)
We see that its conserved charge
Q =
∫
∂Σ
J0int. (3.49)
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is identical to the one belonging to the local current (2.14). This also provides an argument
why the integrated currents are “natural” from the point of view of the three-dimensional
QFT: To find the conserved charge of a current, one has to integrate all spatial directions,
and the integrated current is an “intermediate step” of this integration. The conservation
equations (2.28) now take the familiar form
∂µˆJ int.µˆ = 0, (3.50)
where boundary conditions are possibly used. Extending supersymmetrically, we introduce
the integrated supercurrent multiplets, in our conventions (recall, mixed indices correspond
to the ⊥-direction, which does not appear here, see (A.13))
Rint.αα = R∂αα +
∫
R≤0
dx⊥RBαα. (3.51)
In terms of integrated currents, the right-hand side of (3.46) cancels exactly due to the
integral:
D+(Rint.(2)−− + 2i∂−Rint.(0)−− ) = 0,
D+(Rint.(2)++ + 2i∂−Rint.(0)++ ) = 0.
(3.52)
The general arguments from [8] presented in section 3.4.2 then imply that the lowest com-
ponent −16(T int.−− − i2∂−jint.− ) of the first equation is a non-trivial Q+-cohomology element
and the lowest component −16(T int.−+ − i2∂−jint.+ ) of the second equation is a trivial Q+-
cohomology element in the integrated 2D theory. In fact, a stronger statement holds: the
integrated multiplets are genuine 2D N = (0, 2) supersymmetry multiplets. Setting
R(0,2)αα := Rint.(0)αα ,
T (0,2)−−−− := −Rint.(2)−− ,
(3.53)
the constraints (3.16)–(3.19) and (3.28)–(3.31) imply that these are indeed 2D (0, 2)-
supercurrent multiplets in the sense of [5, 8].
3.5 Summarizing the results on boundary multiplets
We look at three-dimensional theories with N = 2 supersymmetry, broken to a 2D (0, 2)-
subalgebra due to a boundary. Currents associated to (remaining) symmetries now consist
of bulk and boundary pieces.
First we study 3D bulk supercurrent multiplets, in particular the R-multiplet. Its
structure remains unchanged, as the bulk parts of conserved currents are still divergence-
free; we merely decompose the bulk multiplets into their (0, 2)-submultiplets
RBµ (x, θ, θ) = RB(0)µ + θ−RB(1)µ − θ−RB(1)µ + θ−θ−RB(2)µ ,
χBα (x, θ, θ) = χ
B(0)
α + θ
−χB(1a)α + θ
−
χB(1b)α + θ
−θ−χB(2)α .
(3.54)
The defining constraints (3.7) now decompose under the N = (0, 2)-subalgebra into equa-
tions (3.16)–(3.19).
We investigate possible defining constraints for the boundary parts, using as guiding
principles that
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• bulk and boundary pieces combine into a full multiplet Rfullµ = RBµ + δ(ξ⊥)P µˆµ R∂µˆ,
where the boundary pieces are also decomposed as in (3.24) and (3.25), hence the
boundary constraints must be of the same form as the bulk constraints (3.16)–(3.19),
• boundary constraints must impose boundary conservation (2.28) on the remaining,
conserved boundary currents.
We obtain the following list of constraints:
0 = χ
∂(2)
− + 2i∂−χ
∂(0)
− , (3.55a)
0 = D+χ
∂(1a)
+ − 2iχB(0)+ |∂ , (3.55b)
0 = Im(D+χ
∂(0)
− − χ∂(1a)+ ), (3.55c)
0 = Im(D+χ
∂(2)
− − 2i∂−χ∂(1a)+ + 2iχB(1a)− |∂), (3.55d)
χ
∂(0)
− = D+R∂(0)−− , (3.55e)
χ
∂(1a)
+ = −R∂(2)++ + 2iRB(0)+− |∂ − 2i∂−R∂(0)++ , (3.55f)
χ
∂(1a)
− = 2iRB(0)−− |∂ , (3.55g)
χ
∂(2)
− = D+R∂(2)−− − 2iRB(1)−− |∂ , (3.55h)
χ
∂(2)
+ = −2iRB(1)+− |∂ , (3.55i)
χ
∂(0)
+ = 0, (3.55j)
χ∂(1b)α = 0. (3.55k)
The constraints (3.55a)–(3.55h) are necessary to derive boundary conservation equations
and equations (3.43). The last three relations (3.55i)–(3.55k) are not used in any conser-
vation equation and are independent of the rest of the constraints.
These constraints imply, in particular, equations (3.46) on full currents:
D+(Rfull(2)±± + 2i∂−Rfull(0)±± ) = −2i∂⊥RB(1)±± + 2iδ(ξ⊥)RB(1)±± |∂ , (3.56)
which motivates the introduction of integrated current multiplets
Rint.αα = R∂αα +
∫
dx⊥RBαα. (3.57)
These multiplets are genuine 2D N = (0, 2) supercurrent multiplets in the usual sense. In
particular, the integration sets the right-hand side of relation (3.56) to zero. This implies
that T int.−− − i2∂−jint.− is a non-trivial Q+-cohomology element and T int.−+ − i2∂−jint.+ is a trivial
Q+-cohomology element in the effective (integrated) 2D theory.
4 Landau-Ginzburg model
4.1 Bulk theory
We now study a particular model where the framework we developed above can be applied.
Our bulk theory should be a 3D N = 2 Landau-Ginzburg model which lives on three-
dimensional Minkowski space. At a later point, we will introduce a boundary and restrict
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the theory to the half-space
M =
{
x ∈ R1,2 ∣∣ x⊥ := x1 ≤ 0 } . (4.1)
We will formulate the bulk theory in 3D N = 2 superspace. A generic chiral field is given
by
Φ3D(x, θ, θ) = φ(y) +
√
2θψ(y) + θθF (y), yµ = xµ − iθγµθ, (4.2)
where, as usual, φ is a complex scalar field, ψα is a complex fermion, and F is a complex
auxiliary field. Under the bulk supersymmetry, the components transform as follows:
δsymφ =
√
2ψ,
δsymψα =
√
2αF −
√
2i(γµ)α∂µφ,
δsymF = −
√
2iγµ∂µψ.
(4.3)
Let us now consider the simplest non-trivial theory: a Landau-Ginzburg model of a single
chiral superfield. Its kinetic (Ka¨hler) term is given by
Lkin. =
∫
d4θΦ3DΦ3D = −∂µφ∂µφ+ i2(ψγµ∂µψ)− i2(∂µψγµψ) + FF + 14∂2(φφ). (4.4)
At a later point, the term 14∂
2(φφ) will be removed; as it is a total derivative, it does not
influence the bulk theory, but will be relevant once a boundary is introduced.
The superpotential is of the well-known form
LW =
∫
d2θW (Φ3D) + cc. = W
′(φ)F − 12W ′′(φ)ψψ + cc. (4.5)
The bulk equations of motion are given by
D
2
Φ = −4W ′(Φ)⇔

0 = F +W ′(φ)
0 = ∂µ∂
µφ+W ′′(φ)F − 12W ′′′(φ)ψψ
0 = i(γµ∂µψ)α −W ′′(φ)ψα
 . (4.6)
4.2 Introducing a boundary and breaking to (0, 2)
As we already saw in section 3.3, the supersymmetry algebra breaks at least to a 2D
N = (0, 2) (or 2D N = (1, 1), which we do not consider here) subalgebra when we introduce
a boundary. Let us study sufficient conditions to preserve exactly N = (0, 2).
4.2.1 Decomposition of the bulk fields
Under the N = (0, 2) subalgebra, the chiral field Φ3D decomposes into a (0, 2) chiral mul-
tiplet and a Fermi multiplet. More details of this decomposition are written in appendix
B.1. The resulting (0, 2)-superfields are
Φ = φ+
√
2θ+ψ+ − 2iθ+θ+∂+φ,
Ψ = ψ− −
√
2θ+F − 2iθ+θ+∂+ψ− +
√
2iθ
+
∂⊥φ− 2iθ+θ+∂⊥ψ+.
(4.7)
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The Fermi superfield satisfies
D+Ψ =
√
2EΨ, EΨ = −i∂⊥Φ, (4.8)
and the chirality condition reads
D+Φ = 0. (4.9)
The supersymmetry variation in the smaller algebra is given by δsym := Q+ − Q+ (cf.
equation (B.2) for the definition of the superspace operators). The component fields now
transform as
δsymφ =
√
2ψ+, δsymψ+ = −2
√
2i∂+φ,
δsymF = 2
√
2i∂+ψ− +
√
2i∂⊥ψ+, δsymψ− = −
√
2F +
√
2i∂⊥φ,
(4.10)
which is precisely the restriction of (4.3) to the (0, 2)-subalgebra, given by choosing α =
( 0 ). We may rewrite the Lagrangian in terms of (0, 2)-superspace:
Lkin. = 1
2
∫
d2θ+
[
iΦ∂−Φ− i∂−ΦΦ + ΨΨ
+ ∂⊥
(
1
2θ
+θ
+
∂⊥(ΦΦ) + i√2θ
+ΦΨ + i√
2
θ
+
ΨΦ
) ]
,
LW = − 1√2
∫
dθ+ΨW ′(Φ) + cc.
(4.11)
Note that Lkin. consists of two parts. The first part is invariant under (0, 2)-supersymmetry
even in the presence of a boundary, as its (0, 2)-variation is just a total x+-derivative. The
second term (trivially) transforms into an x⊥-derivative, so it breaks (0, 2)-supersymmetry
in the presence of a boundary, and hence dictates part of the “boundary compensating
term” (cf. discussion at the end of section 2.2.1).
The equations of motion may again be written as superfield equations, now in (0, 2)-
superspace:
0 = 2i∂−D+Φ +
√
2i∂⊥Ψ−
√
2W ′′(Φ)Ψ,
0 = D+Ψ +
√
2W ′(Φ).
(4.12)
4.2.2 Recovering partial supersymmetry
As it stands, the pure bulk action (4.11) is not even (0, 2)-supersymmetric in the presence
of a boundary:
δsymS =
∫
M
δsym(Lkin. + LW ) =
∫
M
∂µ(V
µ
kin. + V
µ
W ) =
∫
∂M
(V ⊥kin. + V
⊥
W ), (4.13)
which, in general, does not vanish. To recover at least N = (0, 2) supersymmetry, we must
compensate these bulk variations.
For the kinetic term, we can add a boundary compensating term ∆˜kin. to the bound-
ary Lagrangian (in a boundary-condition-independent way) in the spirit of [14, 15]. The
boundary term is precisely minus the total ⊥-derivative from the bulk Lagrangian in (0, 2)-
superspace (4.11):
∆˜kin. := −14∂⊥(φφ)− i2ψ+ψ− + i2ψ−ψ+. (4.14)
– 26 –
We see that the −14∂⊥(φφ) cancels the bulk total derivative in x⊥ direction when pulled
into the bulk. This means that we can just drop 14∂
2(φφ) from the bulk and −14∂⊥(φφ)
from the boundary simultaneously, leaving us with bulk and boundary Lagrangians:
LB = −∂µφ∂µφ+ i2(ψγµ∂µψ)− i2(∂µψγµψ)
+ FF +W ′(φ)F +W ′(φ)F − 12W ′′(φ)ψψ + 12W
′′
(φ)ψψ,
∆kin. = − i2ψ+ψ− + i2ψ−ψ+ = − i2ψψ.
(4.15)
For the bulk superpotential term, the supersymmetry variation yields
δsymLW = ∂⊥
(
−i
∫
dθ+W (Φ) + cc.
)
+ ∂+(. . . ) = ∂⊥(−iψ+W ′(φ) + cc.) + ∂+(. . . ),
(4.16)
where the right-hand side needs to be compensated. To do this in a boundary-condition-
independent way, one can use a bulk R-symmetry (see [15]), or one can add boundary
degrees of freedom, which we will discuss in detail.
4.2.3 Boundary Fermi multiplet and factorization
To compensate the superpotential term variation (4.16), we introduce a 2D boundary
Fermi multiplet with E- and J-potential terms, analogously to [14, 23–25], where a 1D
Fermi multiplet was used to compensate bulk 2D superpotential terms (see also [3, 12] for
equivalent, three-dimensional examples). The general superspace expansion of a 2D Fermi
multiplet is given by
H = η −
√
2θ+G− 2iθ+θ+∂+η −
√
2θ
+
E(φ) + 2θ+θ
+
E′(φ)ψ+, (4.17)
so it has an E-potential of
D+H =
√
2E(Φ). (4.18)
The (0, 2)-supersymmetry variation of the components is given by
δsymη = −
√
2(G+ E),
δsymG =
√
2(2i∂+η − E′ψ+).
(4.19)
Its (boundary) Lagrangian is
LH =
∫
d2θ+ 12HH −
∫
dθ+ i√
2
J(Φ)H +
∫
dθ
+ i√
2
J(Φ)H
= iη∂+η − i∂+ηη − E′ηψ+ − E′ψ+η + iJ ′ηψ+ − iJ ′ψ+η − |E|2 − |J |2.
(4.20)
It consists of a kinetic term, two boundary potentials E and J of the bulk chiral field φ, and
interactions between the boundary and bulk fermions. The boundary equations of motion
are
D+H +
√
2iJ(Φ) = 0⇔
{
G = iJ
2i∂+η = E
′(φ)ψ+ − iJ ′(φ)ψ+
}
. (4.21)
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The supersymmetry variation is
δsymLH = i
∫
dθ+J(Φ)E(Φ) + cc. + ∂+(. . . ). (4.22)
We thus find that in case of a matrix factorization
W (Φ)|∂ = E(Φ)J(Φ)|∂ , (4.23)
the bulk term from (4.16) will be compensated precisely, and (0, 2)-supersymmetry is pre-
served. As stated before [26] and can be seen from (4.22), a pure 2D N = (0, 2) theory must
fulfill E · J = 0 in order to preserve supersymmetry. However, in our case, the “failure” of
the boundary Fermi multiplet to meet this condition cancels the failure of the bulk theory
to preserve N = (0, 2)-supersymmetry at the boundary.
The total action of the factorized Landau-Ginzburg model then reads
S =
∫
M
LB +
∫
∂M
L∂
=
1
2
∫
M
{∫
d2θ+
[
iΦ∂−Φ− i∂−ΦΦ + ΨΨ + ∂⊥∆
]−√2∫ dθ+ΨW (Φ) + cc.}
+
1
2
∫
∂M
{∫
d2θ+
[−∆|∂ +HH]−√2i ∫ dθ+J(Φ)H + cc.},
(4.24)
where 12
∫
d2θ+∆ = i
2
√
2
∫
d2θ+(θ+ΦΨ + θ
+
ΨΦ) = i2(ψ+ψ− − ψ−ψ+) (cf. (4.15)). After
using the algebraic equations of motion, we get the following component expansions:
LB = −∂µφ∂µφ+ i2(ψγµ∂µψ)− i2(∂µψγµψ)
− |W (φ)|2 − 12W ′′(φ)ψψ + 12W
′′
(φ)ψψ,
L∂ = iη∂+η − i∂+ηη − |J |2 − |E|2 − E′ψ+η − E′ηψ+
− iJ ′ψ+η − iJ ′ψ+η − i2(ψ+ψ− − ψ−ψ+)|∂ .
(4.25)
The (0, 2)-variation of the total action is zero, hence N = (0, 2) supersymmetry is preserved
in a boundary-condition-independent way.
4.2.4 Symmetric boundary conditions
In any theory with a boundary it is necessary to introduce boundary conditions such that
the action can be made stationary. Requiring the boundary condition to be compatible with
the N = (0, 2) subalgebra in the sense of (2.8) further restricts the number of options. We
now discuss some explicit boundary conditions for our LG model. We consider boundary
conditions without superpotential (previously discussed in [1]) and with superpotential
separately.
Without superpotential
• (generalized) Dirichlet : Φ = 0 or more generally Φ = c (in components φ = c and
ψ+ = 0) is a symmetric boundary condition (the action may require the addition of
some boundary terms to be symmetric).
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• Neumann: Ψ = 0 (in components ∂⊥φ = 0 and ψ− = 0) is also symmetric. It is
also the dynamical boundary condition in the sense of (2.7) for the action (4.15)
without superpotential. Note that one can also obtain the (generalized) Dirichlet as
a dynamical boundary condition by adding appropriate boundary terms [1].
• Mixed conditions: In models with more than one 3D chiral superfield, we may assign
Dirichlet conditions to some and Neumann conditions to others [1].
With superpotential
• (generalized) Dirichlet : Setting Φ = c is symmetric and also statically cancels the
supervariation of the potential (4.16) (albeit in a boundary-condition-dependent way).
However, if W ′(c)|∂ 6= 0, supersymmetry is broken spontaneously, as the vacuum
expectation value of ψ− then transforms non-trivially under supersymmetry.11
• Mixed conditions: Setting Ψ = 0 (Neumann) is only symmetric if W ′(φ)|∂ = 0. For
one bosonic field, this holds only if W = 0, as φ is unconstrained on the bound-
ary. If W 6= 0 and the theory has more than one chiral superfield, one can assign
Dirichlet conditions to some and Neumann conditions to others while maintaining
supersymmetry (a requirement the authors in [1] call “sufficiently Dirichlet”).
• Factorized Neumann: If we introduce additional degrees of freedom on the boundary
as in section 4.2.3, we may again choose dynamical boundary conditions. In the case
without superpotential this lead to the Neumann boundary condition. For the action
(4.25) the dynamical boundary condition is the analog of the Neumann boundary
condition, now with superpotential:
Ψ = −iHE′(Φ)−HJ ′(Φ)⇔
{
ψ− = −iηE′ − ηJ ′,
∂⊥φ = −EE′ − JJ ′ − (ηE′′ − iηJ ′′)ψ+
}
. (4.26)
One can check that it is indeed symmetric if the factorization condition (4.23) is
met. We use this boundary condition in our computations for currents and current
multiplets. This choice of boundary condition in fact encodes a collection of boundary
conditions labeled by the choices of matrix factorizations of W (since the boundary
condition depends explicitly on E and J).
4.3 Currents
Here we present conserved currents associated to the symmetries of the Landau-Ginzburg
theory with one chiral field in the bulk, a Fermi multiplet on the boundary, and factorized
Neumann boundary conditions. We will compute the currents in various improvement
frames in order to place them into consistent multiplets in the following subsection.
11We note that if there is a bulk R-symmetry, one can also compensate the superpotential variation
boundary-condition-independently, see [15]. However, in the case of one chiral field, one can then only
impose Dirichlet boundary conditions, as the Neumann condition with W 6= 0 is not symmetric.
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4.3.1 R-current
If the superpotentials W,E, J are (quasi-)homogeneous functions of Φ — in the case of one
chiral field, monomials —, then the action is invariant under the R-symmetry transforma-
tion12
θ+ 7→ e−iτθ+, Φ 7→ e−2iταΦ,
Ψ 7→ e−iτ(2α−1)Ψ, H 7→ e−iτ(`E−`J )αH,
(4.27)
where τ is the symmetry variation parameter and we have defined
α := (degW )−1, `E := degE, `J := deg J. (4.28)
Note that factorization implies
α(`E + `J) = 1. (4.29)
The bulk contribution to the R-current is given by
jBµ = 2iα(φ∂µφ− ∂µφφ) + (1− 2α)ψγµψ, (4.30)
while the boundary contribution is given by
j∂µˆ =
(
j∂+
j∂−
)
=
(
0
α(`E − `J)ηη
)
. (4.31)
4.3.2 Supercurrents
After introducing the boundary (with the aforementioned choices), only (0, 2)-supersym-
metry is preserved. We may however still discuss the full 3D N = 2 supersymmetry in the
bulk, as the (0, 2)-restrictions of the bulk currents remain identical (and covariant notation
can be conveniently used).
Noether frame (S-frame) The bulk supercurrent induced by δsym = Q (full super-
symmetry is δsym = Q− Q) in the Noether frame is given by:13
(SBµ )α =
√
2(γνγµψ)α∂νφ−
√
2i(γµψ)αW
′
. (4.32)
Its (0, 2)-restriction δsym = 
+Q+ is given by setting α = +:
(SBµ )+ =
(SB+ )+(SB− )+
(SB⊥ )+
 =
 2
√
2ψ+∂+φ
−√2(ψ−∂⊥φ+ iψ−W ′)√
2(ψ+∂⊥φ− 2ψ−∂+φ+ iψ+W ′)
 . (4.33)
The boundary contribution is induced by δsym = 
+Q+ and reads in the Noether frame:
(S∂µˆ)+ =
(
(S∂+)+
(S∂−)+
)
=
(
0
−√2(Jη − iEη)
)
. (4.34)
12For multiple chiral fields Φi, the condition for quasi-homogeneity reads W (Φ1, . . . ,Φk) =
∑
i αiΦi∂ΦiW
for some choice of R-charges αi.
13One finds this supercurrent by applying Noether’s theorem to (4.15) and improving the boundary part
to zero.
– 30 –
R-frame If the Lagrangian has an R-symmetry (4.27), we may improve the above su-
percurrent to a supercurrent which is part of the R-multiplet. We call this improvement
frame the R-frame. The bulk components are:
(SBµ )
R
α = (S
B
µ )
S
α − 2
√
2αµνρ(γ
ν∂ρ(φψ))α
=
√
2(1− 2α)((γνγµψ)α∂νφ+ i(γµψ)αW ′)+ 2√2α(∂µφψα − φ∂µψα), (4.35)
where (SBµ )
S
α denotes the supercurrent in the Noether frame, α = (degW )
−1 and the last
equality uses equations of motion (4.6) and homogeneity of W .
The boundary components are
(S∂µˆ)
R
+ = (S
∂
µˆ)
S
+ + 2
√
2αµˆνn(γ
νψ)+φ =
(
0√
2α(`J − `E)(Jη + iEη)
)
, (4.36)
where the last equality uses boundary conditions (4.26).
4.3.3 Energy-momentum tensor
Similarly to the case of supercurrents, we stick to covariant notation for the bulk pieces,
even though certain directions are no longer symmetries. Let us start by simplifying the
Lagrangians (4.25) on-shell:14
LB on-shell= −∂ρφ∂ρφ− |W ′|2, (4.37)
L∂ on-shell= −|E|2 − |J |2. (4.38)
Noether frame (S-frame) Using the Noether procedure, in the bulk we find the non-
symmetric energy-momentum tensor
T̂Bµν = ∂µφ∂νφ+ ∂νφ∂µφ+
i
2∂µψγνψ − i2ψγν∂µψ − ηµν(∂ρφ∂ρφ+ |W ′|2), (4.39)
and in the boundary we find (using equations of motion but not boundary conditions)
T̂ ∂++ = 0,
T̂ ∂−− =
i
2η∂−η − i2∂−ηη,
T̂ ∂+− =
i
4ψ+ψ− − i4ψ−ψ+ + 12 |E|2 + 12 |J |2
+ 12
(
E′ηψ+ + E
′
ψ+η − iJ ′ηψ+ + iJ ′ψ+η
)
,
T̂ ∂−+ =
i
4ψ+ψ− − i4ψ−ψ+ + 12 |E|2 + 12 |J |2
+ 14
(
E′ηψ+ + E
′
ψ+η − iJ ′ηψ+ + iJ ′ψ+η
)
.
(4.40)
14Note that the second equation also uses boundary conditions (4.26). Without using them, we get
L∂ on-shell= −|E|2 − |J |2 − 1
2
(E
′
ψ+η + E
′ηψ+ + iJ
′ψ+η + iJ
′
ψ+η)− i2 (ψ+ψ− − ψ−ψ+)|∂ .
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If we utilize the boundary conditions (4.26), the expressions simplify to
T̂ ∂++ = 0,
T̂ ∂−− =
i
2η∂−η − i2∂−ηη,
T̂ ∂+− =
i
2η∂+η − i2∂+ηη + 12(|E|2 + |J |2),
T̂ ∂−+ =
1
2(|E|2 + |J |2).
(4.41)
Symmetrization These can by made symmetric using an improvement. In the bulk we
find
TBµν = T̂
B
µν − 18µνρHρ
= (∂µφ∂νφ+ ∂νφ∂µφ)− ηµν(|∂φ|2+ |W ′|2) + i2(∂(µψγν)ψ)− i2(ψγ(ν∂µ)ψ),
(4.42)
where Hρ = −2i∂ρ(ψψ).15 The induced boundary improvement is T ∂µˆνˆ = T̂ ∂µˆνˆ − i4µˆνˆnψψ|∂ ,
so
T ∂++ = 0,
T ∂−− =
i
2η∂−η − i2∂−ηη,
T ∂+− =
i
2η∂+η − i2∂+ηη + 12(|E|2 + |J |2)− i8(ψ−ψ+ − ψ+ψ−)|∂ ,
T ∂−+ =
1
2(|E|2 + |J |2) + i8(ψ−ψ+ − ψ+ψ−)|∂ .
(4.43)
Note that using boundary conditions (4.26) and equations of motion for η (4.21) we find
that
i
2(ψ−ψ+ − ψ+ψ−)|∂ = iη∂+η − i∂+ηη, (4.44)
which shows that the boundary components are symmetric modulo boundary conditions
in this frame as well.
R-frame Again, as in the case of the supercurrent, there is an improved energy-momen-
tum tensor in the R-frame. We find
(TBµν)
R = (TBµν)
S + 12 [∂µ∂ν − ηµν∂2](−2αφφ)
= (1− α)(∂νφ∂µφ+ ∂µφ∂νφ)− α(∂µ∂νφφ+ φ∂µ∂νφ) + i2(∂(νψγµ)ψ)
− i2(ψγ(µ∂ν)ψ)− (1− 2α)ηµν(|∂φ|2 − |W ′|2) + αηµν(iψγρ∂ρψ − i∂ρψγρψ)
)
,
(4.45)
where for the last equality we have used equations of motion. The boundary contributions
are given by (T ∂)Rµˆνˆ = (T
∂)Sµˆνˆ +
1
2ηµˆνˆ∂⊥(−2αφφ), hence
(T ∂++)
R = 0,
(T ∂−−)
R = i2η∂−η − i2∂−ηη,
(T ∂+−)
R = i2η∂+η − i2∂+ηη + 12(|E|2 + |J |2) + α2 ∂⊥(φφ)|∂ − i8(ψ−ψ+ − ψ+ψ−)|∂ ,
(T ∂−+)
R = 12(|E|2 + |J |2) + α2 ∂⊥(φφ)|∂ + i8(ψ−ψ+ − ψ+ψ−)|∂ .
(4.46)
Note that the symmetry of the boundary stress tensor (modulo boundary conditions) was
preserved by the improvement.
15This is precisely the brane current from the supercurrent multiplet, see appendix C.5. To obtain the
desired form for TBµν we use equations of motion and the Clifford algebra.
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4.4 Supercurrent multiplets of the LG model
Let us now assemble the conserved currents of the Landau-Ginzburg model from the pre-
vious subsection into supercurrent multiplets. We first recall the supercurrent multiplets
of a pure bulk theory, as well as its possible smaller multiplets. After that we will present
a valid supercurrent multiplet in the Landau-Ginzburg model with boundary, and also
discuss integrated supercurrent multiplets.
4.4.1 Bulk theory
Here we study a pure bulk theory with Lagrangian L = Lkin. + LW as in (4.4), (4.5). In
such a theory a valid S-multiplet is given by
Sαβ = DαΦ3DDβΦ3D +DβΦ3DDαΦ3D. (4.47)
It contains the supercurrent and energy-momentum tensor (in the S-frame) in its compo-
nents. We explicitly compute the components to verify this in the appendix (cf. (C.20)).
The multiplet satisfies
D
αSαβ = −DβΦ3DD2Φ3D︸ ︷︷ ︸
=Yβ
+ (−12)D
2
Dβ(Φ3DΦ3D)︸ ︷︷ ︸
=χβ
. (4.48)
Using the equations of motion (4.6), one may rewrite Yβ = 4DβW (Φ3D). The defining
equations in (3.1) can be verified easily, proving that this is indeed an S-multiplet. The
central charge C is zero. This S-multiplet can be improved to a Ferrara-Zumino multiplet
using the improvement UFZ = −12Φ3DΦ3D (3.4), as this implies
χ′α = −12D
2
Dα(Φ3DΦ3D)−D2DαU = 0. (4.49)
The multiplet is then given by
Jαβ = 12(DαΦ3DDβΦ3D +DβΦ3DDαΦ3D) + 12(iΦ3D∂αβΦ3D − i∂αβΦ3DΦ3D). (4.50)
If the R-symmetry (cf. section 4.3.1) is present, one can instead apply the improvement
UR = −2αΦ3DΦ3D (α = (degW )−1) to the S-multiplet, which sets Yα to zero modulo
equations of motion:
Y ′α = 4DαW (Φ3D)− 12DαD
2
U = 4DαW (Φ3D)− 4αDα(Φ3DW ′(Φ3D)) = 0. (4.51)
Now Sαβ transforms to
Rαβ = (1−2α)(DαΦ3DDβΦ3D+DβΦ3DDαΦ3D)+2α(iΦ3D∂αβΦ3D−i∂αβΦ3DΦ3D). (4.52)
We see that the lowest component of this multiplet is exactly the R-current (4.30), and
one can check that the remaining currents in the R-multiplet are in the R-frame.
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4.4.2 Adding a boundary
Now that we have studied the bulk, let us go back to our Landau-Ginzburg theory with a
boundary and a boundary Fermi multiplets whose potentials factorizes the superpotential
(4.23). We want to extend the above bulk supercurrent multiplet to a full (bulk and
boundary) supercurrent multiplet as described in section 3.3.
We already computed the bulk and boundary conserved currents in the sense of (2.11)
in various improvements frames in the previous subsection, and now have to organize the
components into admissible (0, 2)-multiplets. We choose to do so in the case of the R-
multiplet.
We consider the embedding [6] into 3D N = 2 superspace:
RBαβ = RB(0)αβ + θ−RB(1)αβ − θ
−RB(1)αβ + θ−θ
−RB(2)αβ ,
R∂αα = R∂(0)αα + θ−R∂(1)αα︸ ︷︷ ︸
=0
− θ−R∂(1)αα︸ ︷︷ ︸
=0
+ θ−θ−R∂(2)αα .
(4.53)
First, we decompose the bulk contribution to the R-multiplet into its (0, 2)-submultiplets.
The zeroth-order bulk (0, 2)-superfields are
RB(0)++ = 8α(iΦ∂+Φ− i∂+ΦΦ)− 2(1− 2α)D+ΦD+Φ
= 4jB+ + . . . ,
RB(0)−− = 8α(iΦ∂−Φ− i∂−ΦΦ)− 4(1− 2α)ΨΨ
= 4jB− + . . . ,
RB(0)+− = −4α(iΦ∂⊥Φ− i∂⊥ΦΦ)−
√
2(1− 2α)(D+ΦΨ + ΨD+Φ)
= −2jB⊥ + . . . .
(4.54)
The first-order bulk (0, 2)-superfields are
RB(1)++ = 4(1− 2α)
(
i∂⊥ΦD+Φ−D+ΦW ′(Φ)
)− 8i√2α(∂+ΦΨ− Φ∂+Ψ)
= −4i(SB+ )R− + . . . ,
RB(1)−− = −8i
√
2(1− α)Ψ∂−Φ + 8i
√
2αΦ∂−Ψ
= −4i(SB− )R− + . . . ,
RB(1)+− = 2
√
2i
(
∂⊥ΦΨ− Φ∂⊥Ψ
)
+ 2(1− 2α)(iD+Φ∂−Φ−√2ΨW ′(Φ) +√2iΦ∂⊥Ψ)
= 2i(SB⊥ )
R
− + . . . .
(4.55)
The second-order bulk (0, 2)-superfields are lengthy, but are a straightforward (0, 2)-com-
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pletion of their lowest components:16
RB(2)++ = −16
(
∂+Φ∂−Φ + ∂−Φ∂+Φ + α∂+∂−(ΦΦ)− α2 ∂2⊥(ΦΦ)
− i4∂−D+ΦD+Φ + i4D+Φ∂−D+Φ− 12 L˜B
)
= −16(α∂+∂−(ΦΦ) + 12∂⊥Φ∂⊥Φ− α2 ∂2⊥(ΦΦ) + 12 |W ′(Φ)|2
− i4∂−D+ΦD+Φ + i4D+Φ∂−D+Φ
)
= −16(TB−+)R + 2(CB+−)R + . . . ,
RB(2)−− = −16
(
2∂−Φ∂−Φ− α∂2−(ΦΦ)− i2∂−ΨΨ + i2Ψ∂−Ψ
)
= −16(TB−−)R + . . . ,
RB(2)+− = 8
(
∂−Φ∂⊥Φ + ∂⊥Φ∂−Φ− α∂−∂⊥(ΦΦ)
+ i
2
√
2
(∂−D+ΦΨ + ∂−ΨD+Φ−D+Φ∂Ψ −Ψ∂−D+Φ)
)
= 8(TB−⊥)
R − (CB⊥−)R . . . ,
(4.56)
where the lowest components are given by the energy-momentum tensor (4.45). The brane
current (CBµν)
R = µνρ(Hρ)R in the R-frame is given by HRµ = −2i(1− 4α)∂µ(ψψ) where
we have used (3.5) and the explicit improvement UR. We have also (0, 2)-completed the
bulk Lagrangian on-shell
L˜B = 2∂+Φ∂−Φ + 2∂−Φ∂+Φ− ∂⊥Φ∂⊥Φ− |W ′(Φ)|2. (4.57)
Note that one may also interpret the sum of the tensor and the brane current as a non-
symmetric energy-momentum tensor T̂Bµν (cf. (4.42)).
For the zeroth component R∂(0)µˆ , we simply (0, 2)-supersymmetrically complete the
boundary R-current (4.31), where again α = (degW )−1, `E = degE and `J = deg J :
R∂(0)µˆ = α(`E − `J)δ−µˆHH, (4.58)
or, in bispinor notation,
R∂(0)−− = 4α(`E − `J)HH,
R∂(0)++ = 0.
(4.59)
Note that the (0, 2)-completion (R∂(0))µˆ of (j∂)µˆ does not contain all the boundary contri-
butions necessary: we need the boundary corrections T ∂−− to the energy-momentum tensor,
which are not contained in our boundary multiplet (R∂(0))++, as can be checked.17 Hence,
we must also compute the correction for the second-order terms (R∂(2))αα:
R∂(2)++ = 8L˜∂ − 8α∂⊥(ΦΦ) + 4
√
2iα(D+ΦΨ−ΨD+Φ)|∂
= −8|J(Φ)|2 − 8|E(Φ)|2 − 8α∂⊥(ΦΦ) + 4
√
2iα(D+ΦΨ−ΨD+Φ)|∂
= −16(T ∂−+)R + 2C∂+− + . . . ,
R∂(2)−− = 8i∂−HH − 8iH∂−H
= −16(T ∂−−)R + . . . ,
(4.60)
16Recall the general expansions (C.2c),(C.3c) and (C.4c), in particular the definition of Kµν (C.5).
17This can be directly verified by the explicit expansions (C.2)–(C.4): T+− and T++ are contained in the
(0)-pieces, while T−− is contained in the (2)-piece.
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where the boundary contribution (C∂µˆνˆ)
R to the brane current (CBµν)R in theR-frame can be
found to be (C∂+−)R = −i(1− 4α)ψψ. It is essentially the induced boundary improvement
corresponding to symmetrization of the energy-momentum tensor (cf. page 32), now in the
R-frame. We have also (0, 2)-completed the on-shell boundary Lagrangian:
L˜∂ = −|J(Φ)|2 − |E(Φ)|2. (4.61)
4.4.3 Integrated supercurrent multiplets
We now discuss integrated supercurrent multiplets as in section 3.4. The integration along
x⊥ will make our Landau-Ginzburg model effectively two-dimensional and we will recover
genuine 2D N = (0, 2) (integrated) supercurrent multiplets.
We thus find, according to (3.51):
Rint.(0)++ =
∫
dx⊥
[
8α(iΦ∂+Φ− i∂+ΦΦ)− 2(1− 2α)D+ΦD+Φ
]
,
Rint.(0)−− = 4α(`E − `J)HH +
∫
dx⊥
[
8α(iΦ∂−Φ− i∂−ΦΦ)− 4(1− 2α)Ψ
]
,
(4.62)
as well as
Rint.(2)++ = −8|J(Φ)|2 − 8|E(Φ)|2 + 4
√
2iα(D+ΦΨ−ΨD+Φ)|∂
− 16
∫
dx⊥
[
α∂+∂−(ΦΦ) + 12∂⊥Φ∂⊥Φ +
1
2 |W ′(Φ)|2
− i4∂−D+ΦD+Φ + i4D+Φ∂−D+Φ
]
,
Rint.(2)−− = 8i∂−HH − 8iH∂−H
− 16
∫
dx⊥
[
2∂−Φ∂−Φ− α∂2−(ΦΦ)− i2∂−ΨΨ + i2Ψ∂−Ψ
]
.
(4.63)
Note that from a 2D perspective, the superfields Rint.(0)++ ,Rint.(0)−− and Rint.(2)−− are enough to
form a 2D supercurrent multiplet.
After using equations of motion (4.6), (4.21), boundary conditions (4.26), factorization
condition (4.23) and homogeneity of superpotential terms, we find that these integrated
current multiplets indeed satisfy the relations
D+
(Rint.(2)−− + 2i∂−Rint.(0)−− ) = 0,
D+(Rint.(2)++ + 2i∂−Rint.(0)++ ) = 0.
(4.64)
which shows that the respective lowest components are Q+-cohomology elements (cf. sec-
tion 3.4).
5 Quantization
Similarly to [15], we can follow a canonical quantization approach in this model and verify
the supersymmetry conservation, the boundary conditions, and the factorization condition
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in an independent way. We impose the following canonical quantization conditions:
[∂0φ(x), φ(y)] = −iδ(2)(x− y), (5.1a)
{ψα(x), ψβ(y)} = −γ0αβδ(2)(x− y), (5.1b)
{η(x), η(y)} = δ(x2 − y2). (5.1c)
In general, the commutation relations are modified by the introduction of a boundary.
Here, however, we follow the point of view of the authors in [15] and use the “naive”
commutators even after introducing the boundary. This can be justified by considering a
full bulk theory first, quantizing it, then introducing a boundary and studying the effect
of the boundary on the old bulk fields. Using this method, some properties of the model
can be verified independently of the approach in section 4. If we used static boundary
conditions and the respective modified commutators instead, these properties would hold
trivially. Notice that there are no singularities when moving component fields of chiral
multiplets to the boundary as a consequence of supersymmetry.
The following relations hold in the bulk [5]:
{Qα, Sβµ} = γναβ
(
2Tνµ +
1
4νµρH
ρ + i∂νjµ − iηµν∂ρjρ
)
+ iαβµνρ
(
1
4F
νρ + ∂νjρ
)
, (5.2)
{Qα, Sβµ} = 14C(γµ)αβ + iµνργναβY
ρ
. (5.3)
In the absence of a boundary, integration of these relations yields the expected super-
symmetry algebra. However, this changes under the introduction of a boundary for two
reasons: First, there are additional degrees of freedom at the boundary which appear in Q
and S, and second, there are boundary contributions from pure bulk terms as well.
Notice that the half-integrated commutators like {Qα, Sαµ} or {Qα, Sβµ} are affected
by improvements, but the fully integrated commutators like {Q+,Q+} and {Q+,Q+} must
be invariant under them. This is easy to see in pure bulk theories, but with a boundary, it
holds as well. A generic commutator of a charge Q and a current Jµ improves as follows:
{Q, J ′µ(x)} = {Q, Jµ(x)}+ {Q, ∂νM [µν](x)}+ δ(xn){Q,Mnµˆ(x)}. (5.4)
Notice that Q is a charge and thus invariant under improvements. If Q commutes with ∂ν ,
we find that the integrated algebra
∫
dx{Q, J ′µ(x)} is unchanged.
5.1 General properties of the supercharge
Let us now restrict to the case α = +, β = + as the other supercharge and -current will be
broken by the introduction of the boundary. The supercurrent from (4.32), (4.34) (which
we repeat for convenience)
S+µ(x) = −
√
2i(γµψ)+W
′
(φ) +
√
2(ψγµγ
ν)+∂νφ−
√
2 δ(x⊥)δ−µ (Jη − iEη) (5.5)
integrates to the full supercharge
Q+ =
∫
Σ
√
2
(
ψ−∂⊥φ+ iψ−W
′
(φ)− 2ψ+∂+φ
)
+
∫
∂Σ
√
2(Jη − iEη), (5.6)
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where
∫
Σ =
∫
R×(−∞,0] dx
2dx⊥ and
∫
∂Σ =
∫
R dx
2. Let us start by studying the action of the
bulk part of Q+ on component fields. Analogous to [15], the action of [Q+,bulk, ·] on bulk
component fields (φ, φ, ψ±, ψ±) is the same as in the pure bulk theory with one exception:
The commutator with ∂0φ receives an extra boundary term
[Q+,bulk, ∂0φ(x)] =
√
2i∂0ψ+(x) +
√
2iδ(x⊥)ψ−(x). (5.7)
This result can be derived using the quantization conditions (5.1) and the delta distribution
rule in appendix D. Notice that for ν 6= 0, the identity ∂∂xν [Q+, φ(x)] = [Q+, ∂νφ(x)] is
only true if the correct delta distribution rules derived in appendix D are applied.
The boundary part Q+,bdy has a trivial action on the bulk component fields and on
∂νφ, ν 6= 0. The action on the boundary fermions η, η is as expected. Again, we get extra
terms for ∂0φ. Overall, the full charge acts as follows on ∂0φ:
[Q+, ∂0φ(x)] =
√
2i∂0ψ +
√
2(iηJ
′
+ ηE
′
+ iψ−)δ(x⊥). (5.8)
We see that the boundary contribution vanishes under the symmetric boundary condition
(4.26), which is an independent way of verifying this boundary condition. However, for
reasons outlined above, we will not impose this condition statically and thus treat this
extra term like a genuine new contribution.
5.2 The {Q, S} commutator
We now would like to compute {Q+, S+µ(x)} in the presence of a boundary and verify that
it integrates to the expected preserved algebra {Q+,Q+} = −4P+ (see section 3.3). We
expect the known terms (5.2) in the bulk, and extra terms at the boundary. As both Q+
and S+µ(x) have bulk and boundary parts, there are four combinations from which new
terms may arise: bulk-bulk, bulk-boundary, boundary-bulk, and boundary-boundary.
5.2.1 Boundary contributions from bulk-bulk terms
Let us now check how the changes introduced by the boundary affect the half-integrated
algebra: the bulk-bulk term
{Qα,bulk, Sβµ,bulk} = {Qα,−
√
2i(γµψ)βW
′
(φ) +
√
2(ψγµγ
ν)β∂νφ} (5.9)
is affected by the changed relation (5.7) in the term ∂0φ, where we get an extra boundary
term
{Qα,bulk, Sβµ,bulk(x)} = known bulk terms (5.2) + δ(x⊥) 2i(ψγµγ0)β(γnγ0ψ(x))α︸ ︷︷ ︸
=:Bαβ,µ
, (5.10)
which is also consistent with a similar result in [15]. The component most relevant to us is
B 0++ , as it appears in the integration of the part of the algebra that is unbroken. It can
be rewritten to
B 0++ = 2iψ+ψ− = iψψ − iψγ⊥ψ = iψψ − ij⊥, (5.11)
where we have inserted a bulk component of the supercurrent multiplet in the last equality,
see appendix C.5. It is noteworthy that this boundary term is neither real nor imaginary.
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5.2.2 Contributions from the boundary degrees of freedom
Again using the commutation relations but not boundary conditions, we find
{Q+,bdy, S+,µ,bdy(x)} = −2δ−µ δ(x⊥)(|J |2 + |E|2), (5.12a)
{Q+,bulk, S+,µˆ,bdy(x)} = −2iδ(x⊥)δ−µˆ ψ+(x)
(
J
′
(x)η(x)− iE′(x)η(x)), (5.12b)
{Q+,bdy, S+,µ,bulk(x)} = 2iδ(x⊥)
(
J ′(x)η(x) + iE′(x)η(x)
)
(ψ(x)γµγ
0)+. (5.12c)
It is noteworthy that modulo boundary conditions, the third term cancels the boundary
contribution of {Q+,bulk, S+,µ,bulk(x)}. This is expected since both extra terms have their
origins in the changed relation (5.8) which is identical to the original bulk relation modulo
boundary conditions.
5.2.3 Integrating the algebra
As the integral of S 0+ over a constant time slice yields the supercharge Q+, an integration
of the commutator
∫ {Q+, S 0+ } = {Q+,Q+} is a commutator which appears in the pre-
served supersymmetry algebra (3.13). We can thus check (5.10) and (5.12) by integrating
{Q+, S 0+ } and comparing the result to the known algebra. We will plug in the component
expansions from appendix C.5.
Let us first check the imaginary part, which is zero on the expected right-hand side
of the equation. Interesting contributions come only from {Q+,bulk, S 0+,bulk}, as all other
contributions together are trivially real.
Im
∫
Σ
{Q+, S+0} =
∫
Σ
2(i∂+j0 − iη+0∂ρjρ) +
∫
∂Σ
Im(B 0++ ) =
∫
Σ
i∂⊥j⊥ −
∫
∂Σ
ij⊥ = 0.
(5.13)
A similar computation in four dimensions was done in [15].
For the real part we get (as expected from (5.2))
{Q+, S 0+ }|bulk = −γν22
(
2Tν0 +
1
4ν0ρH
ρ
)
= −4(T̂B) 0+ , (5.14)
where T̂B is the bulk Noether (non-symmetric) energy momentum tensor (4.39). All bound-
ary terms together (eqs. (5.10) and (5.12)) yield
{Q+, S 0+ }|∂ = iψψ + 2|J |2 + 2|E|2 + 2iψ+
(
J
′
η − iE′η)− 2i(J ′η + iE′η)ψ+ = −4(T̂ ∂) 0+
(5.15)
using an explicit comparison to the non-symmetric boundary energy momentum tensor T̂ ∂
(4.40) which belongs to the bulk Noether energy momentum tensor T̂B. Overall, we find
that
{Q+,Q+} =
∫
Σ
{Q+, S 0+ } = −4
∫
Σ
(
(T̂B) 0+ + δ(x
⊥)(T̂ ∂) 0+
)
= −4P+, (5.16)
which verifies the algebra. Notice that P+ is independent of improvements, thus we may
use improved versions of the energy-momentum tensor to compute the right-hand side of
the equality. However, on the level of the half-integrated algebra, we see that the Noether
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(S-frame) supercurrent generates the non-symmetric Noether energy momentum tensor,
and both are sensitive to improvements.
Let us emphasize again that this argument works without explicitly assuming boundary
conditions and modifying the bulk fields in the presence of a boundary. Rather, we study
the bulk theory without a boundary, then introduce it, and verify that the supersymmetry
algebra is preserved by the equal-time commutators. Notice that without assuming any
boundary conditions, the charges Q+, Q+ are not conserved. However, no reference to the
specific choice of boundary conditions was made in this argument (although in this simple
model with one bulk chiral field and one boundary Fermi, (4.26) is the only symmetric
boundary condition compatible with stationarity).
5.3 The {Q, S} commutator
In a similar way, we can also verify that {Q+, S+µ(x)} integrates to the expected algebra
{Q+,Q+} = 0. In the bulk, we get from (5.3)
{Q+,bulk, S+µ,bulk(x)} = iµ+ρ(γ+)++Y ρ = −8iµ+ρ∂ρW. (5.17)
From the commutation relations (5.1) we find that {Qα,bulk, Sβµ,bdy} and {Qα,bdy, Sβµ,bulk}
are zero, but we do get a contribution from
{Qα,bdy, Sβµ,bdy(x)} = 4iδ−µ δ(x⊥)J(x)E(x). (5.18)
Integrating the relation, we find
{Q+,Q+} =
∫
Σ
{Q+, S 0+ (x)} = 4i
∫
∂Σ
(
W − J(x)E(x)), (5.19)
so if the factorization condition (4.23) is met, the algebra is preserved under the introduc-
tion of the boundary.
6 Conclusions and Outlook
In this paper we analyzed three-dimensional theories with N = 2 supersymmetry from
various points of view: We constructed the symmetry currents by developing an extension
of Noether’s procedure, we considered the supermultiplets in the boundary situation and
we commented on the Q+-cohomology in a possible half-twisted theory. There are various
ways to extend our results. First of all, while we focused on the case of N = 2 with specific
boundary conditions, a similar analysis can be performed for other dimensions and other
supersymmetries. Furthermore, our examples were limited to theories of chiral multiplets
and it would be interesting to couple these systems to a gauge group.
We considered only flat backgrounds, and it would be very interesting to extend the
discussion to three-dimensional theories with boundaries in curved backgrounds. The par-
tition function in such backgrounds has been studied recently in [12, 27, 28]. Matrix
factorizations have already been discussed on curved manifolds with boundary in [12, 27],
see [29] for a discussion of A-type boundary conditions on curved manifolds. The formula-
tion of boundary conditions must be compatible with the constraints imposed by the bulk
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supersymmetry on the background geometry. In particular, the manifolds have to admit
transversely holomorphic foliations, see [30] for a discussion of the geometry compatible
with supersymmetry.
In theories without boundary, supercurrent multiplets have been very useful to formu-
late theories in curved space. They also helped to understand the (in-)dependence of the
partition function of part of the data [31]. It would be interesting to see whether boundary
supermultiplets can help to draw similar conclusions in situations with boundaries.
In the example of Landau-Ginzburg models, we have exhibited in some detail the sym-
metries of models involving matrix factorizations. In the case of two-dimensional Landau-
Ginzburg models, matrix factorizations provided the key to fully solve the theories in
situations with boundaries, in the sense that the full bulk and boundary spectrum and all
correlation functions [23] were determined. It would be interesting to see to what extend
these features have analogs in three dimensions. As the theory cannot be fully twisted, one
would expect that a holomorphic dependence has to remain.
Finally, one could generalize boundary conditions to defect gluing conditions, making
potentially contact with [1, 20]. In the Landau-Ginzburg example it is easy to see that de-
fects between theories with different superpotentials involve factorizations of the difference
of the two superpotentials on the two sides of the defect.
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A Conventions and notation
We mostly follow the notation and conventions of [5] which we recall for convenience.
Spacetime Our (half-)spacetime is given by
M =
{
(x0, x1, x2)
∣∣ x1 ≤ 0 } , (A.1)
with mostly-plus metric ηµν = diag(−1, 1, 1). We most frequently use light-cone coordi-
nates
x± = x0 ± x2, x± = 12(x0 ± x2), x1 = x1 = x⊥, (A.2)
where the metric reads
ηµν =
 0 −12 0−12 0 0
0 0 1
 , ηµν =
 0 −2 0−2 0 0
0 0 1
 . (A.3)
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The Levi-Civita symbol is defined by 012 = −1, 012 = 1. In light-cone coordinates it is
+−⊥ = −12 , +−⊥ = 2. It satisfies
µνλ
σρλ = δ ρµ δ
σ
ν − δ σµ δ ρν ,
µρλ
νρλ = −2δ νµ .
(A.4)
Spinors Spinors in 3D are SL(2,R) fundamental representations, i.e. two component
spinors ψα, α ∈ {1, 2} = {−,+}. Indices are raised and lowered by αβ, αβ, where 12 =
−1, 12 = 1 according to the rule
ψα = αβψβ, ψα = αβψ
β. (A.5)
Explicitly, we have
ψα =
(
ψ−
ψ+
)
=
(
ψ+
−ψ−
)
, ψα =
(
ψ−
ψ+
)
=
(
−ψ+
ψ−
)
. (A.6)
Indices that are contracted “from top to bottom” are omitted:
ψχ := ψαχα = ψ
−χ− + ψ+χ+. (A.7)
Note that ψχ = χψ. Since Hermitian conjugation flips the order of spinors without flipping
index position, we have that ψχ = −ψχ.
Some useful identities are given by
ψψ = 2ψ+ψ−,
ψαψβ = −12(ψψ)αβ,
ψαψβ =
1
2(ψψ)αβ.
(A.8)
Clifford algebra We use the real gamma matrices
γµαβ = (γ
0
αβ, γ
1
αβ, γ
2
αβ) = (−1, σ1, σ3). (A.9)
In light-cone coordinates these read explicitly
γµαβ = (γ
+
αβ, γ
−
αβ, γ
⊥
αβ) =
((
0 0
0 −2
)
,
(
−2 0
0 0
)
,
(
0 1
1 0
))
. (A.10)
They are symmetric γµαβ = γ
µ
βα, real and satisfy the Clifford algebra
(γµγν) βα = η
µνδ βα + 
µνρ(γρ)
β
α . (A.11)
A useful list of identities follows from these:
(γµ)αβ(γµ)γδ = αγδβ + αδγβ,
(γµγργµ)αβ = −(γρ)αβ,
A βα =
1
2(trA)δ
β
α +
1
2 tr(γµA)(γ
µ) βα .
(A.12)
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We may map vectors to bispinors and vice versa by
vαβ = −2γµαβvµ, vµ = 14γαβµ vαβ. (A.13)
These imply in particular that
v± = 14v±±,
v± = −12v±±,
v⊥ = v⊥ = −12v+− = −12v−+.
(A.14)
Integration We fix the integration order/constants by∫
d2θ θ2 = 1,
∫
d2θ θ
2
= −1 and
∫
dθ+dθ
+
θ
+
θ+ = 1 (A.15)
i.e. adjacent symbols cancel in (0, 2)-integration. These together imply∫
d2θ =
1
2
∫
dθ−dθ+,
∫
d2θ =
1
2
∫
dθ
+
dθ
−
, (A.16)
and ∫
d4θ =
1
4
∫
d2θ+d2θ−, (A.17)
where we have defined ∫
d2θ± =
∫
dθ±dθ±. (A.18)
Supercharges and superderivatives The supercharges of 3D N = 2 supersymmetry
in terms of (xµ, θ, θ)-coordinates are
Qα =
∂
∂θα + i(γ
µθ)α∂µ =
(
∂
∂θ− + 2iθ
−
∂− − iθ+∂⊥
∂
∂θ+
+ 2iθ
+
∂+ − iθ−∂⊥
)
,
Qα = − ∂∂θα − i(γ
µθ)α∂µ =
(− ∂
∂θ
− − 2iθ−∂− + iθ+∂⊥
− ∂
∂θ
+ − 2iθ+∂+ + iθ−∂⊥
)
.
(A.19)
The covariant derivatives are
Dα =
∂
∂θα − i(γµθ)α∂µ =
(
∂
∂θ− − 2iθ
−
∂− + iθ
+
∂⊥
∂
∂θ+
− 2iθ+∂+ + iθ−∂⊥
)
,
Dα = − ∂∂θα + i(γ
µθ)α∂µ =
(− ∂
∂θ
− + 2iθ
−∂− − iθ+∂⊥
− ∂
∂θ
+ + 2iθ
+∂+ − iθ−∂⊥
)
.
(A.20)
They satisfy the known algebra
{Qα, Qβ} = 2iγµαβ∂µ, {Dα, Dβ} = −2iγµαβ∂µ. (A.21)
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B Decomposition of 3D N = 2
B.1 Decomposition to 2D N = (0, 2)
We may constructively decompose 3D N = 2 superfields and operators in their (0, 2)-
components. To do so, we use the branching coordinate ξ.18 It is chosen such that in
superspace with coordinates (ξµ, θ+, θ−), the representations of the preserved supercharge
operators Q+ and Q+ commute with θ
− and θ−. Then Q+ and Q+ can be restricted to
the sub-superspace without θ−. Another property of the branching coordinate is that the
preserved supercharge operators do not contain or generate P⊥.
If we want to preserve the (0, 2)-subalgebra generated by Q+, Q+, one can easily check
that we need
ξµ =
(
x+, x−, x⊥ + i(θ+θ− − θ−θ+)). (B.1)
Indeed, one can check that in terms of ξµ the operators (A.19), (A.20) take the following
form
Q+ =
∂
∂θ+
+ 2iθ
+ ∂
∂ξ+
, Q− = ∂∂θ− + 2iθ
− ∂
∂ξ− − 2iθ
+ ∂
∂ξ⊥ ,
Q+ = − ∂
∂θ
+ − 2iθ+ ∂∂ξ+ , Q− = − ∂∂θ− − 2iθ
− ∂
∂ξ− + 2iθ
+ ∂
∂ξ⊥ ,
D+ =
∂
∂θ+
− 2iθ+ ∂
∂ξ+
+ 2iθ
− ∂
∂ξ⊥ , D− =
∂
∂θ− − 2iθ
− ∂
∂ξ− ,
D+ = − ∂
∂θ
+ + 2iθ
+ ∂
∂ξ+
− 2iθ− ∂
∂ξ⊥ , D− = − ∂∂θ− + 2iθ
− ∂
∂ξ− .
(B.2)
In particular, the Q+, Q+ do not contain any ∂⊥ terms. The (0, 2)-covariant derivatives
are defined by
D
(0,2)
+ =
∂
∂θ+
− 2iθ+ ∂
∂ξ+
,
D
(0,2)
+ = − ∂∂θ+ + 2iθ
+ ∂
∂ξ+
,
(B.3)
so we have that
D+ = D
(0,2)
+ + 2iθ
−
∂⊥,
D+ = D
(0,2)
+ − 2iθ−∂⊥.
(B.4)
We often drop the (0, 2)-label when the covariant derivative type is clear from context.
We may now simply perform a Taylor expansion of an N = 2 superfield X :
X (x, θ, θ) = X(0)(ξ, θ+, θ+)+θ−X(1a)(ξ, θ+, θ+)+X(1b)(ξ, θ+, θ+) θ−+θ−θ−X(2)(ξ, θ+, θ+).
(B.5)
It is clear that the (0, 2)-operators {Q+, Q+, D(0,2)+ , D(0,2)+ } do not “mix” the coefficients of
different orders in θ−, θ−. In other words, the coefficients are exactly the (0, 2)-subrepre-
sentations of X (x, θ, θ).
As an example, let us decompose the 3D chiral field (4.2) to its (0, 2)-submultiplets.
In terms of ξ we find that
(y+, y−, y⊥) = (ξ+ − 2iθ+θ−, ξ− − 2iθ−θ−, ξ⊥ + 2iθ−θ+). (B.6)
18ξ⊥ is also called “invariant coordinate” in [6, 20].
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The expansion of Φ3D gives then
Φ3D(x, θ, θ) = Φ(ξ, θ
+, θ
+
)− 2iθ−θ−∂−Φ(ξ, θ+, θ+) +
√
2θ−Ψ(ξ, θ+, θ+), (B.7)
where the chiral and Fermi multiplets are
Φ = φ+
√
2θ+ψ+ − 2iθ+θ+∂+φ,
Ψ = ψ− −
√
2θ+F − 2iθ+θ+∂+ψ− +
√
2iθ
+
∂⊥φ− 2iθ+θ+∂⊥ψ+.
(B.8)
in agreement with [26]. These satisfy
D+Φ = 0, D+Ψ = −i
√
2∂⊥Φ. (B.9)
We can obtain the full expansion using (B.1) on the right-hand side of (B.7)
Φ3D = Φ+
√
2θ−Ψ+i(θ+θ−−θ−θ+)∂⊥Φ−2iθ−θ−∂−Φ−
√
2iθ+θ−θ−∂⊥Ψ−θ+θ+θ−θ−∂2⊥Φ,
(B.10)
where now all (super-)functions depend on x.
B.2 Decomposition to 2D N = (1, 1)
In the presence of a boundary we may also preserve a 2D N = (1, 1) subalgebra. For
completeness, we also present decomposition of 3D N = 2 superfields and operators into
this subalgebra.
We want to preserve the (1, 1)-subalgebra generated by19
Q− := 12(Q− +Q−),
Q+ :=
i
2(Q+ −Q+).
(B.11)
These satisfy the (1, 1)-algebra:
{Q−,Q−} = −2i∂−,
{Q+,Q+} = −2i∂+,
{Q−,Q+} = 0.
(B.12)
Defining rotated, real Grassmann variables
ϑ− = −i(θ− − θ−), ϑ˜− = −(θ− + θ−),
ϑ+ = −(θ+ + θ+), ϑ˜+ = −i(θ+ − θ+).
(B.13)
19Note that in breaking from a 2D (2, 2) algebra to 2D (1, 1) we have some freedom of choice in “picking
phases”, i.e. we may choose
Qi :=
1
2
(eiviQi + e
−iviQi),
for i = 1, 2 (see e.g. [32, 33]). However, in 3D N = 2 to (1, 1)-subalgebra breaking, we further need to
impose that the charges do not generate any ∂⊥-derivatives, i.e. that
{Q1,Q2} = i2 Re(ei(v1−v2))∂⊥
!
= 0,
which fixes the phase to v1 − v2 = pi2 + kpi.
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and using the shifted “branching” coordinate
(ζ+, ζ−, ζ⊥) =
(
x+, x−, x⊥ + i2(ϑ
−ϑ˜+ + ϑ+ϑ˜−)
)
=
(
y+ − ϑ+ϑ˜+, y− + ϑ−ϑ˜−, y⊥ − 12(ϑ−ϑ+ − iϑ−ϑ˜+ − iϑ+ϑ˜− − ϑ˜−ϑ˜+)
)
,
(B.14)
the supercharges take the form
Q− = −i ∂∂ϑ− + ϑ− ∂∂ζ− ,
Q+ = −i ∂∂ϑ+ + ϑ+ ∂∂ζ+ .
(B.15)
We can then define also the (1, 1)-covariant derivatives
D− = −i ∂∂ϑ− − ϑ− ∂∂ζ− ,
D+ = −i ∂∂ϑ+ − ϑ+ ∂∂ζ+ .
(B.16)
which of course satisfy
{D±,D±} = 2i∂±,
{D+,D−} = 0.
(B.17)
Then, (1, 1)-irreducible multiplets are of the form
Σ = A+ iϑ+B + iϑ−C + iϑ−ϑ+D. (B.18)
Using the branching coordinate we find the decomposition
Φ3D(x, θ, θ) = Φ+ ϑ˜
+D+Φ− ϑ˜−D−Φ+ ϑ˜−ϑ˜+(D−D+Φ− ∂⊥Φ) (B.19)
where on the right-hand side we have super(functions) of (ζ, ϑ, ϑ˜) and we have defined the
(1, 1)-multiplet
Φ := φ− 1√
2
ϑ+ψ+ +
i√
2
ϑ−ψ− + 12ϑ
−ϑ+(∂⊥φ+ iF ). (B.20)
Around the same point, the full branching reads
Φ3D = Φ+ ϑ˜
+D+Φ− ϑ˜−D−Φ+ i2(ϑ−ϑ˜+ + ϑ+ϑ˜−)∂⊥Φ+ ϑ˜−ϑ˜+(D−D+Φ− ∂⊥Φ)
+ i2 ϑ˜
−ϑ˜+ϑ+∂⊥D+Φ+ i2 ϑ˜
−ϑ˜+ϑ−∂⊥D−Φ+ 14ϑ
4∂2⊥Φ,
(B.21)
where ϑ4 := ϑ+ϑ˜+ϑ−ϑ˜−.
The (1, 1)-variations are induced by δsym = iε+Q+ + iε−Q−, ε± real spinors:
δsymφ = − 1√2ε+ψ+ +
i√
2
ε−ψ−,
δsymψ+ =
√
2iε+∂+φ+
1√
2
ε−(∂⊥φ+ iF ),
δsymψ− = − i√2ε+(∂⊥φ+ iF )−
√
2ε−∂−φ,
δsymiF =
√
2ε+(∂+ψ− + 12∂⊥ψ+)−
√
2iε−(∂−ψ+ + 12∂⊥ψ−).
(B.22)
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The 3D N = 2 bulk Lagrangian of one chiral field Φ3D is decomposed as follows
L =
∫
d4θ
(
Φ3DΦ3D − (θθ)(θθ)∂+∂−(Φ3DΦ3D)
)
+
∫
d2θW (Φ3D) +
∫
d2θW (Φ3D)
=
∫
d2ϑ
[
2(D−ΦD+Φ−D+ΦD−Φ) + Φ∂⊥Φ− ∂⊥ΦΦ− 2i(W +W )
+ ∂⊥
[
i
2ϑ
+(D+ΦΦ− ΦD+Φ) + i2ϑ−(D−ΦΦ− ΦD−Φ)
+ ϑ−ϑ+
(
1
4∂⊥(ΦΦ) + i(W −W )
)]]
.
(B.23)
The equations of motion are in superspace
0 = 2D−D+Φ− ∂⊥Φ+ iW ′(Φ), (B.24)
which in components are the usual bulk equations.
C Supercurrent multiplets in 3D
C.1 Decomposition to (0, 2)-multiplets
We decompose the bulk multiplet Sαβ = −2γµαβSµ using the branching coordinate ξ ac-
cording to
Sαβ(x, θ, θ) = S(0)αβ (ξ, θ+, θ
+
) + θ−S(1)αβ (ξ, θ+, θ
+
)− θ−S(1)αβ (ξ, θ+, θ
+
) + θ−θ−S(2)αβ (ξ, θ+, θ
+
).
(C.1)
We obtain:
(1) The +-direction
S(0)++ = 4j+ − 4iθ+(S+)+ − 4iθ+(S+)+ − 16θ+θ+T++, (C.2a)
S(1)++ = −4i(S+)− − 2
√
2ω+ + θ
+
(4i∂⊥j+ + 4K+⊥ + 4iL+)− 4iθ+Y +
+ 8θ+θ
+
∂+(S+)−,
(C.2b)
S(2)++ = −8K+− + 8θ+∂⊥(S+)− − 8θ+∂⊥(S+)− + 8θ+∂−(S+)+ − 8θ+∂−(S+)+
− 4
√
2iθ+∂+ω− − 4
√
2iθ
+
∂+ω− − 4
√
2iθ+∂⊥ω+ − 4
√
2iθ
+
∂⊥ω+
− 4θ+θ+∂2⊥j+ − 8θ+θ+∂⊥L+ − 4θ+θ+(−2∂+∂νjν + ∂2j+).
(C.2c)
(2) The −-direction
S(0)−− = 4j− − 4iθ+(S−)+ − 4iθ+(S−)+ + 2
√
2θ+ω−
− 2
√
2θ
+
ω− − 8θ+θ+K−+,
(C.3a)
S(1)−− = −4i(S−)− − 4iθ+Y − + 4θ+(K−⊥ + i∂⊥j− + iL−)
+ 8θ+θ
+
∂+(S−)− + 4
√
2iθ+θ
+
∂−ω+,
(C.3b)
S(2)−− = −16T−− + 8θ+∂⊥(S−)− + 8θ+∂−(S−)+ − 8θ+∂−(S−)+ − 8θ+∂⊥(S−)−
+ 4θ+θ
+
∂2⊥j− − 8θ+θ+∂⊥L− − 4θ+θ+(−2∂−∂νjν + ∂2j−).
(C.3c)
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(3) The ⊥-direction
S(0)−+ = −2j⊥ + 2iθ+(S⊥)+ + 2iθ+(S⊥)+ +
√
2θ+ω+
−
√
2θ
+
ω+ + 4θ
+θ
+
K⊥+,
(C.4a)
S(1)−+ = +2i(S⊥)− −
√
2ω− − 2θ+(K⊥⊥ + i∂⊥j⊥ + iL⊥) + 2iθ+Y ⊥
− 4θ+θ+∂+(S⊥)− − 2
√
2iθ+θ
+
∂⊥ω+ − 2
√
2iθ+θ
+
∂+ω−,
(C.4b)
S(2)−+ = +4K⊥− − 4θ+∂⊥(S⊥)− + 4θ+∂⊥(S⊥)− − 4θ+∂−(S⊥)+
+ 4θ
+
∂−(S⊥)+ +
√
2iθ+∂−ω+ +
√
2iθ
+
∂−ω+ + 4θ+θ
+
∂⊥L⊥
+ 2θ+θ
+
∂2⊥j⊥ − 4θ+θ+(∂⊥∂νjν − 12∂2j⊥).
(C.4c)
where
Kµν = 2Tνµ − ηµνA− 14µνρHρ = 2Tνµ − ηµνA− 14Cµν ,
Lµ =
1
4µνρF
νρ + µνρ∂
νjρ = 14Cµ + µνρ∂
νjρ.
(C.5)
where we have also defined the brane currents Cµν = µνρH
ρ and Cµ = µνρF
νρ. The
decomposition for the R-multiplet is found simply by setting the multiplet Yα 3 (ωα, A, Yµ)
to zero.
One may check that these decompositions are indeed (0, 2)-multiplets using the ((0, 2)-
restriction of the) supersymmetry variations that follow.
C.2 3D N = 2 supersymmetry variations of components
Under a variation induced by δsym = ξQ− ξQ, we may compute from (3.2)
δsymλα = iξαD − i(γµξ)α(Hµ + i2µνρF νρ) + i2ξβC, (C.6a)
δsymD = ξγ
µ∂µλ− ξγµ∂µλ, (C.6b)
δsymHµ = −ξ∂µλ+ ξ∂µλ, (C.6c)
µνρδsymF
νρ = −2iµνρ(ξγρ∂νλ+ ξγρ∂νλ), (C.6d)
δsymC = 0, (C.6e)
δsymωα =
√
2ξαB − 12√2ξαC −
√
2i(γµξ)αYµ, (C.6f)
δsymB = −
√
2i(ξγµ∂µω), (C.6g)
δsymYµ =
√
2(ξ∂µω), (C.6h)
δsymjµ =
1√
2
(ξγµω)− 1√2(ξγµω)− i(ξSµ)− i(ξSµ), (C.6i)
δsym(Sµ)α =
i
4(γµξ)αC + µρν(γ
νξ)αY
ρ
+ ξα
(
1
4µνρF
νρ + µνρ∂
νjρ
)
− i(γνξ)α(2Tνµ − 14µνρHρ + i∂νjµ − i∂ρjρηµν),
(C.6j)
δsymKµν = −12
[
2νρλξγ
λ∂ρSµ −
√
2iνµρξ∂
ρω − i√
2
ηµνξγρ∂
ρω
− 2νρλξγλ∂ρSµ −
√
2iνµρξ∂
ρω − i√
2
ηµνξγρ∂
ρω
]
,
(C.6k)
δsymTµν = − i4√2ηµν(ξγρ∂
ρω)− 12ξγ(νγρ∂ρSµ) + 12ξ∂(νSµ)
− i
4
√
2
ηµν(ξγρ∂
ρω)− 12ξγ(νγρ∂ρSµ) + 12ξ∂(νSµ).
(C.6l)
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C.3 Decomposition of bulk constraints
Using the branching coordinate ξ and the expansions
χBα = χ
B(0)
α + θ
−χB(1a)α + θ
−
χB(1b)α + θ
−θ−χB(2)α ,
YBα = YB(0)α + θ−YB(1a)α + θ−YB(1b)α + θ−θ−YB(2)α .
(C.7)
we may rewrite the constraints (3.1) for the bulk S-multiplet to the following collection of
equations:
From D−χα = 12−αC (recall −+ = −1 otherwise zero):
χB(1b)α =
1
2−αC, (C.8a)
χB(2)α = −2i∂−χB(0)α . (C.8b)
From D+χα =
1
2+αC:
D+χ
B(0)
α =
1
2+αC, (C.9a)
D+χ
B(1a)
α = 2i∂⊥χ
B(0)
α , (C.9b)
D+χ
B(2)
α = 0. (C.9c)
From ImDαχα = 0:
Im(D+χ
B(0)
− − χB(1a)+ ) = 0, (C.10a)
D+χ
B(1a)
− + χ
B(2)
+ − 2i∂−χB(0)+ − 2i∂⊥χB(0)− = 0, (C.10b)
Im(D+χ
B(2)
− − 2i∂−χB(1a)+ − 2i∂⊥χB(1a)− ) = 0. (C.10c)
From DαYβ +DβYα = 0 we obtain
D+YB(0)− + YB(1a)+ = 0, (C.11a)
D+YB(1a)− = 0, (C.11b)
D+YB(1b)− = 2i∂⊥YB(0)− + YB(2)+ − 2i∂−YB(0)+ , (C.11c)
D+YB(0)+ = 0, (C.11d)
D+YB(1a)+ = 0, (C.11e)
D+YB(1b)+ = 2i∂⊥YB(0)+ , (C.11f)
D+YB(2)+ = −2i∂⊥YB(1b)+ , (C.11g)
YB(1a)− = 0, (C.11h)
YB(2)− = 2i∂−YB(0)− . (C.11i)
From D
αYα + C = 0 we obtain
D+YB(0)− + YB(1b)+ + C = 0, (C.12a)
D+YB(1a)− + 2i∂⊥YB(0)− + YB(2)+ + 2i∂−YB(0)+ = 0, (C.12b)
D+YB(1b)− = 0, (C.12c)
D+YB(2)− − 2i∂⊥YB(1b)− − 2i∂−YB(1b)+ = 0. (C.12d)
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And the relation D
βSαβ = χα + Yα:
χB(0)α + YB(0)α = D+SB(0)α− − S(1)α+, (C.13a)
χB(1a)α + YB(1a)α = −D+S(1)α− − SB(2)α+ − 2i∂⊥SB(0)α− − 2i∂−SB(0)α+ , (C.13b)
1
2−αC + YB(1b)α = D+S
(1)
α−, (C.13c)
χB(2)α + YB(2)α = D+SB(2)α− + 2i∂⊥S(1)α− + 2i∂−S(1)α+. (C.13d)
C.4 Decompositions of bulk improvements
Using the branching coordinate and the expansions (C.1) and (C.7) we may compute the
improvements of decomposed multiplets:
SB(0)++ 7→ SB(0)++ + [D+, D+]UB(0), (C.14a)
SB(0)−− 7→ SB(0)−− − 2UB(2), (C.14b)
SB(0)+− 7→ SB(0)+− +D+UB(1) −D+UB(1). (C.14c)
SB(1)++ 7→ SB(1)++ + [D+, D+]UB(1) + 4i∂⊥D+UB(0), (C.15a)
SB(1)−− 7→ SB(1)−− − 4i∂−UB(1), (C.15b)
SB(1)+− 7→ SB(1)+− −D+UB(2) + 2i∂⊥UB(1) − 2i∂−D+UB(0). (C.15c)
SB(2)++ 7→ SB(2)++ + [D+, D+]UB(2) + 4i∂⊥D+UB(1)
+ 4i∂⊥D+UB(1) − 8∂2⊥UB(0),
(C.16a)
SB(2)−− 7→ SB(2)−− − 8∂2−UB(0), (C.16b)
SB(2)+− 7→ SB(2)+− − 2i∂−D+UB(1) − 2i∂−D+UB(1) + 8∂−∂⊥UB(0). (C.16c)
χ
B(0)
+ 7→ χB(0)+ + 2D+D+UB(1),+4i∂⊥D+UB(0), (C.17a)
χ
B(0)
− 7→ χB(0)− + 2D+UB(2) − 4i∂−D+UB(0), (C.17b)
χ
B(1a)
+ 7→ χB(1a)+ + 2D+D+UB(2) − 4i∂⊥D+UB(1) − 4i∂⊥D+UB(1)
+ 8∂2⊥U
B(0) + 4i∂−D+D+UB(0),
(C.17c)
χ
B(1a)
− 7→ χB(1a)− + 4i(2∂−D+UB(1) − ∂⊥UB(2) + 2i∂⊥∂−UB(0)), (C.17d)
χB(1b)α 7→ χB(1b)α , (C.17e)
χ
B(2)
+ 7→ χB(2)+ − 4i∂−(D+D+UB(1) + 2i∂⊥D+UB(0)), (C.17f)
χ
B(2)
− 7→ χB(2)− − 4i(∂−D+UB(2) − 2i∂2−D+UB(0)). (C.17g)
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YB(0)+ 7→ YB(0)+ −D+D+UB(1), (C.18a)
YB(0)− 7→ YB(0)− +D+UB(2) + 2i∂⊥UB(1) + 2i∂−D+UB(0), (C.18b)
YB(1a)+ 7→ YB(1a)+ −D+D+UB(2) − 2i∂⊥D+UB(1) − 2i∂−D+D+UB(0), (C.18c)
YB(1a)− 7→ YB(1a)− , (C.18d)
YB(1b)+ 7→ YB(1b)+ − 2i∂⊥D+UB(1), (C.18e)
YB(1b)− 7→ YB(1b)− + 4i∂−D+UB(1), (C.18f)
YB(2)+ 7→ YB(2)+ + 2i∂−D+D+UB(1) − 2i∂⊥D+UB(2)
+ 4∂2⊥UB(1) + 4∂⊥∂−D+U
B(0),
(C.18g)
YB(2)− 7→ YB(2)− + 2i∂−D+UB(2) − 4∂−∂⊥UB(1) − 4∂2−D+UB(0). (C.18h)
C.5 Explicit bulk components of Sµ for LG model
We may compute the components of the supercurrent multiplets for the Landau-Ginzburg
model where
Sαβ = DαΦ3DDβΦ3D +DβΦ3DDαΦ3D,
χα = −12D
2Dβ(Φ3DΦ3D),
Yα = −D2Φ3DDαΦ3D.
(C.19)
according to the expansions (3.2). In other words, we are in the S-frame (cf. page 12) and
we obtain:
R-“current” :20 jµ = (ψγµψ), (C.20a)
supercurrent : Sµα =
√
2(γνγµψ)α∂νφ−
√
2i(γµψ)αW
′
, (C.20b)
lowest in χα : λα = 2
√
2(γµψ)α∂µφ+ 2
√
2iW ′ψα, (C.20c)
lowest in Yα : ωα = 4W ′ψα, (C.20d)
EM tensor : Tνρ = (∂ρφ∂νφ+ ∂νφ∂ρφ)−ηνρ(|∂φ|2+ |W ′|2)
+ i2(∂(ρψγν)ψ)− i2(ψγ(ν∂ρ)ψ),
(C.20e)
irrelevant auxilliary : A = −4|W ′|2 + i∂µψγµψ − iψγµ∂µψ, (C.20f)
{Q,S} 1-brane charge : Yµ = 4∂µW, (C.20g)
{Q,S} 1-brane charge : Hµ = −2i∂µ(ψψ), (C.20h)
{Q,S} 0-brane charge : ρµνFµν = −4ρµν∂µjν − 8iρµν∂µφ∂νφ. (C.20i)
Note that all (Hodge duals to) brane currents are exact forms. This is to be expected, since
we are working on a trivial space, and it only shows local triviality in general backgrounds.
For example, if W is not a properly defined function, then Y µ is not identically exact.
20This particular R-“current” is not conserved for most superpotentials. If we improve the multiplet to
an R-multiplet, this component of the multiplet is the conserved R-current.
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D Delta distributions on the boundary
The commutators of quantized operators involve some subtleties with respect to delta
distributions and boundaries. We define∫
(−∞,0]
f(x)δ(x) := f(0), (D.1)
with the reasoning that we want the entire boundary to be part of the theory, thus anything
on the boundary is fully part of the system, and that if the δ-distribution is to be understood
as a limit of functions gn(x) → δ(x) which fulfill
∫
(−∞,0] gn(x) = 1, then the above will
follow automatically. This results in one important subtlety: switching from ∂∂y δ(x− y) to
− ∂∂xδ(x− y) introduces a boundary term, specifically∫
(−∞,0]
dy
∫
(−∞,0]
dxf(x)g(y)
(
∂
∂xδ(x− y) + ∂∂y δ(x− y)
)
= f(0)g(0). (D.2)
This, in turn, implies
−
∫
(−∞,0]
dyf(x)g(y) ∂∂y δ(x− y) = −f(0)g(0) +
∫
(−∞,0]
dyf(y)g′(y), (D.3)
∫
(−∞,0]
dyf(x)g(y) ∂∂xδ(x− y) =
∫
(−∞,0]
dyf(y)g′(y), (D.4)
as both boundary terms cancel in the second equation.
References
[1] T. Dimofte, D. Gaiotto and N. M. Paquette, Dual boundary conditions in 3d SCFT’s, JHEP
05 (2018) 060 [1712.07654].
[2] T. Okazaki and S. Yamaguchi, Supersymmetric boundary conditions in three-dimensional
N=2 theories, Phys. Rev. D87 (2013) 125005 [1302.6593].
[3] A. Gadde, S. Gukov and P. Putrov, Fivebranes and 4-manifolds, 1306.4320.
[4] Z. Komargodski and N. Seiberg, Comments on Supercurrent Multiplets, Supersymmetric
Field Theories and Supergravity, JHEP 07 (2010) 017 [1002.2228].
[5] T. T. Dumitrescu and N. Seiberg, Supercurrents and Brane Currents in Diverse Dimensions,
JHEP 07 (2011) 095 [1106.0031].
[6] N. Drukker, D. Martelli and I. Shamir, The energy-momentum multiplet of supersymmetric
defect field theories, JHEP 08 (2017) 010 [1701.04323].
[7] D. Gaiotto, S. Gukov and N. Seiberg, Surface Defects and Resolvents, JHEP 09 (2013) 070
[1307.2578].
[8] M. Dedushenko, Chiral algebras in Landau-Ginzburg models, JHEP 03 (2018) 079
[1511.04372].
– 52 –
[9] E. Witten, On the Landau-Ginzburg description of N=2 minimal models, Int. J. Mod. Phys.
A9 (1994) 4783 [hep-th/9304026].
[10] E. Silverstein and E. Witten, Global U(1) R symmetry and conformal invariance of (0,2)
models, Phys. Lett. B328 (1994) 307 [hep-th/9403054].
[11] E. Witten, Two-dimensional models with (0,2) supersymmetry: Perturbative aspects, Adv.
Theor. Math. Phys. 11 (2007) 1 [hep-th/0504078].
[12] Y. Yoshida and K. Sugiyama, Localization of 3d N = 2 Supersymmetric Theories on
S1 ×D2, 1409.6713.
[13] A. Kapustin and Y. Li, D branes in Landau-Ginzburg models and algebraic geometry, JHEP
12 (2003) 005 [hep-th/0210296].
[14] I. Brunner, M. Herbst, W. Lerche and B. Scheuner, Landau-Ginzburg realization of open
string TFT, JHEP 11 (2006) 043 [hep-th/0305133].
[15] L. Di Pietro, N. Klinghoffer and I. Shamir, On Supersymmetry, Boundary Actions and Brane
Charges, JHEP 02 (2016) 163 [1502.05976].
[16] A. Bilal, Supersymmetric Boundaries and Junctions in Four Dimensions, JHEP 11 (2011)
046 [1103.2280].
[17] M. Magro, I. Sachs and S. Wolf, Superfield Noether procedure, Annals Phys. 298 (2002) 123
[hep-th/0110131].
[18] S. Ferrara and B. Zumino, Transformation Properties of the Supercurrent, Nucl. Phys. B87
(1975) 207.
[19] S. J. Gates, M. T. Grisaru, M. Rocek and W. Siegel, Superspace Or One Thousand and One
Lessons in Supersymmetry, Front. Phys. 58 (1983) 1 [hep-th/0108200].
[20] N. Drukker, I. Shamir and C. Vergu, Defect multiplets of N = 1 supersymmetry in 4d, JHEP
01 (2018) 034 [1711.03455].
[21] I. V. Melnikov, An Introduction to Two-Dimensional Quantum Field Theory with (0,2)
Supersymmetry, Lect. Notes Phys. 951 (2019) pp.
[22] M. Bullimore, T. Dimofte, D. Gaiotto and J. Hilburn, Boundaries, Mirror Symmetry, and
Symplectic Duality in 3d N = 4 Gauge Theory, JHEP 10 (2016) 108 [1603.08382].
[23] A. Kapustin and Y. Li, Topological correlators in Landau-Ginzburg models with boundaries,
Adv. Theor. Math. Phys. 7 (2003) 727 [hep-th/0305136].
[24] M. Herbst, K. Hori and D. Page, Phases Of N=2 Theories In 1+1 Dimensions With
Boundary, 0803.2045.
[25] C. I. Lazaroiu, On the boundary coupling of topological Landau-Ginzburg models, JHEP 05
(2005) 037 [hep-th/0312286].
[26] E. Witten, Phases of N=2 theories in two-dimensions, Nucl. Phys. B403 (1993) 159
[hep-th/9301042].
[27] H. Jockers and P. Mayr, A 3d Gauge Theory/Quantum K-Theory Correspondence,
1808.02040.
[28] M. C. N. Cheng, S. Chun, F. Ferrari, S. Gukov and S. M. Harrison, 3d Modularity,
1809.10148.
– 53 –
[29] F. Aprile and V. Niarchos, N =2 supersymmetric field theories on 3-manifolds with A-type
boundaries, JHEP 07 (2016) 126 [1604.01561].
[30] C. Closset, T. T. Dumitrescu, G. Festuccia and Z. Komargodski, Supersymmetric Field
Theories on Three-Manifolds, JHEP 05 (2013) 017 [1212.3388].
[31] C. Closset, T. T. Dumitrescu, G. Festuccia and Z. Komargodski, The Geometry of
Supersymmetric Partition Functions, JHEP 01 (2014) 124 [1309.5876].
[32] K. Hori, Linear models of supersymmetric D-branes, in Symplectic geometry and mirror
symmetry. Proceedings, 4th KIAS Annual International Conference, Seoul, South Korea,
August 14-18, 2000, pp. 111–186, 2000, hep-th/0012179.
[33] K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa et al., Mirror
symmetry, vol. 1 of Clay mathematics monographs. AMS, Providence, USA, 2003.
– 54 –
